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Abstract: This paper studies some properties of the Fourier multiplier operators on a compact group when
the underlying multiplication functions (the symbols) defined on the dual object take values in a Banach
algebra. More precisely, boundedness properties for such Fourier multiplier operators for the space of
Bochner strong integrable functions and for the (vector) p-Fourier spaces are investigated.
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1. Introduction

T he theory of Fourier multipliers is part of the theory of Fourier integral operators and localization
operators. Roughly speaking, a Fourier multiplier is an operator defined through a multiplication by
a symbol on a function’s frequency spectrum. It is a way to reshape the frequencies involved in the function.

Therefore this theory has many applications for instance in Signal processing where the Fourier multiplier is
called a filter. Research on the Fourier multipliers is very active and quite flourishing. As recent articles in this
field we can quote [1-3].

In [4], Atto et al. investigated the Fourier multipliers for a kind of p-Fourier spaces introduced in [5].
They obtained important results related to the boundedness of such operators. However, the underlying
multiplication function (the symbol) takes values in the set of complex numbers though authors dealt with the
Fourier transform of vector valued functions. It may have been interesting to consider vector valued symbols.
So, in order to harmonize things, it seems necessary to complete/extend the study by the case where the
symbols are vector valued functions. This is the main purpose of this paper. Thanks to the Fourier inversion
formula in [6], it is possible to introduce what we call a vector Fourier multiplier.

The paper is organized as follows. In Section 2, we set some preliminaries related to the Fourier transform
of vector valued functions. In Section 3, we investigate properties of the Fourier multipliers for Bochner
integrable functions and in Section 4, we study the Fourier multipliers for p-Fourier spaces.

2. Preliminaries

Details on group representations can be found in [7,8]. Let G be a compact group with normalized Haar
measure dx. We denote by G the unitary dual of G, that is the set of equivalence classes of unitary irreducible
representations of G. In each class ¢ € C, we choose an element, still denoted o, with representation space H,
the dimension of which is denoted by d,. We designate by ({;’i’, S~ ggy) a basis of H,. Let 2 be a complex
Banach algebra. The Fourier transform fof a strong Bochner integrable function f € L'(G, %) is given by the
formula

-~

fo)eon = [(eGem fxds 0

where (-,-) denotes the inner product in H,. Here f(U) is a bounded linear operator from H, ® H, into 2
where H, is the conjugate Hilbert space of H,; see [9]. Now set
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ugi(x) = (o (x)7, ¢7) )

The functions u?]- satisfy the Schur orthogonality relations

—_ 1
[5G () = it ©

where ¢ is the Kronecker delta symbol.
The Fourier inversion formula is

de dy
ZdeZf )& @& )u 4)

ceG i=1j=1

Using this inversion formula, we can define what are vector Fourier multipliers and tackle the study of
their properties. This is done in the next two sections.

3. Vector Fourier multipliers for L!(G,2)

Set

£(G,2) = [T £(Hs © Ho, ) ©)

oeG

where £(H, @ Hy, ) designates the set of linear operators from H, ® H, into 2.
Following [6], we consider the product x on £(G, ) defined as follows. If ¢1,¢» € L(G,2) then ¢ x ¢,
is given by

(1 x ¢2)(0) (57 ®&7) = Dpl V(&7 © &7 )a(0) (&7 @ &) 6)

Let ¢ : G — 2 be a bounded function. We define the vector Fourier multiplier T, by the formula

T,f =Y do i i 9(0)F(0) (& @ &) @)

ceG i=1j=1

What we consider here generalizes the case treated in [4] which corresponds to the particular case 2 = C.
We denote by M(L'(G,2l)) the set of all vector Fourier multipliers on L'(G,2). We introduce the
following operation which we may need.

(PRA()E®Y) = 9(@)f(0)(E@1),& € Hp, € H ®)
Taking inspiration from [6, Therem 3.1.] we state the following theorem.
Theorem 1. If f,¢ € L'(G,2) then f/;kjg =fxg
The next theorem gives a characterization of the vector Fourier multipliers on L!(G,2l).

Theorem 2.

Ty € M(LY(G, ) <= T,f = 9 f,Vf € L}(G,2). ©9)
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Proof. Let T, € M(LY(G,2)). Let o’ € G. Vectors & € H, and y € H,s can be written in the forms & =
g d,

Z zxng‘T andy = Z ,Bmém in the basis ({,‘1 ,@‘2 PR ,Cg;/) of H,,. Then

n=1

d(f’
T f()(E@y) = i,?«#)(zl 0y © zl Bl

dy dy .

= Zl Z ‘X”ﬁmT(Pf (gn ®§m)
dy dy

= 1 X w10/ )T, ()
n=1m=
dy dy

= 3 X w07y (dx
n=1m=
a’ d dys

=L Zanﬁm/w” mzm O)(&] ® & ()
n=1m= ceG i=1j=1
(7’ d dy do

= L X oy o 1) 0l0)f(0) & @ ) [ i G i
n=1m=1 ceG i=1j=1

By appealing to the Schur orthogonality relations, we get

d(7/ d (7 (7
LfeEen = % 2 o 12 12 0 E @8 L i)
n= m: 1 ] (7'
d, d R
= L L wup@)fe)6 )

= (o)f(o") ZancneaZﬁmém

m=1

-~

= @(d)f(@)(E@n)

~

g
= (pWf)(e)(C@n)

Thus T,f = ¢ ® f.
Conversely, let us assume that Vf € L1(G,2), 7{([,7 =K j? Then, using the inversion formula we obtain

dy dy

Tof = ) do 22T¢f (6] @&
ceG  i=1j=1
dy do ~
= Y de ) Y (9RA)(@)(E] @ )uf
ceG i=1j=1
dy ds
_ngzzq’ o) (&} ©&)uij
ceG  i=1j=1

Thus T, f is a vector Fourier multiplier for L!(G,2). O
Theorem 3. If T, Ty € M(LY(G,2)) and f, g € LY(G, ) then the following equalities hold:

To(fxg) =Tof xg. (10)
Top(f *8) = (TpTypf) * 8. (11)
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Proof. Let T, € M(L(G,2)) and f,g € L}(G, ).

F(Ty(f+)(@0) (& ©&7) = (9B f x 8)(0) (&7 ®&F)
= 9(0)f +8(0) (& &)
9o )[(f x 2)(0)(& @ &)

Zf (& @ E)3(0) (& @ &)

)
g)

dy N

=Y. 9 f(0) (& ©&)8(0) (& @ &7)

k=1

dy N

= Y lo(a)f(0)(E @ &)I-() (& ® &)

k=1

~ kz”lw R F)(0)(& © &)]8(0) (& © &)

dy
= I;[T(pf)(ﬁ)(éz‘? ®¢7)18(0) (67 @ ¢F)

= (Tof x Q))& ©&)
= F(Tyf +8)(0) (& @ &)

Since the Fourier transformation is injective, we have Ty (f * g) = Ty f * g.
Let Ty, Ty € M(LY(G,2)) and f, g € L}(G, ).

F(Tpp(f )@@ 28) = (ppRfg)(0) (& @)
99)(0)(f+8)(0) (& @ &)

= ¢(@)o(c )(f><§)( )& ® &)

(
(

= Zf (& ®&)3(0) (& &)

= Z¢ )& @ E0)3(0) (& @ &)

da

= 9(0) Y (9B (©@)(E ® &0 (& ©&f)

k=1

de
= ¢(0) ; Tpf(o)(Gk ®¢7)8(0) (57 ®&F)

do

— 1(p(a)fﬁ(a)(gmé?)?(a)(§?®éz?)

k=

I
M&

k=1
dy

= ZT¢T¢f 7)(8f ®¢7)8(0) (&7 @ &F)

= (T(pTl/fog)( )& ® &)
= F((TpTpf) *g)(0) (57 ® 7).

Therefore, by the injectivity of the Fourier transformation, we have

Top(f x8) = (TpTpf) * g

(PR TN @ G )8() (& ©&F)
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For ¢y € E(é,%l), we set

1$lleo = sup{l|lg(o)l| : o € G}

where

()|l = sup{l[p(a)(C@m = IS] <L Iyl <1}.

We also consider the set
Loo(GA) = {9 € L(GA) = [[¢lleo < o0}
We can now state the following theorem.
Theorem 4. If T, € M(L'(G, 1)) and f € L*(G, ) then T,f € Loo(G,2A) and
I Tpfllco < lIlloll £l

Proof. Let{ ® 7 € Hy ® Hy.

1T f(o)E@n)| = I(eRA)(@E 2]
= lo@f@)Eenl
< lo@llf@) o)l
< Agllollel il
Hence
ITof ()]l < l@lleoll fll1, Yo € G.
Thus

ITpflleo < ll@lcollf1]1-

O

4. Vector Fourier multipliers on p-Fourier spaces

For 1 < p < oo, consider

dy dy

LG ={pelGA): Y de )Y 9(o)(& D&)|F < co}.

ceG  i=1j=1
The space L), (G,2L) is a Banach space if it is endowed with the norm
1
r

dy do »
I9lle, = (Z daZwa)(a?@@;fW) :

ceC  i=1j=1

Call p-Fourier spaces the spaces

Ap(G,2) = {f € LY(G,2) : feL,(CA)},1<p < 0.

On the space Ay, (G, ) the following two norms are defined:

1 lla, = Il +1flle,  f € Ap(G,2)

(12)

(13)

(14)

(15)

(16)

17)

(18)
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IFI# = 1Ifllz,, f€Ap(G2) (19)

where ||.[|; and [|.||z, denote the norm in L'(G,2) and the norm in Cp(é, 2) respectively. Equipped with each
of the two norms ||. || 4, and |. |47, it had been proved that the space Ap(G,2l) is a Banach space [5].
The following theorem expresses the invariance of the space A, (G, 2) by the Fourier multiplier T.

Theorem 5. If f € A, (G, ) then Ty f € A,(G,2).

Proof. Let us assume that f € A,(G,2). Then

ITof I, = Zdaz”z”uw )& @ )P

oeG i=1j=
do do R

= Y4 Y Y eRA@)E )"
ceC  i=1j=1

- Y iz”uqo )& 2|
a=tel i=1j=1

< L z”z”uq) WP IF(0) & @ &))"
pa=tel i=1j=1

Since ¢ is bounded, we obtain

A

— do do ~
ITefllz, < ol 3o do ) Y IIf(0)(E @ &)1

ceC  i=1j=1

N

< NgIBIFIY, < o
Thus Tyf € Ay(G,2). O

Remark 1. From the inclusion property in Theorem 5, One can extend the operator T, to the topological dual
AL (G, 2) of (Ap(G,A), | - [|4,) or (Ap(G2A), || - [47), exactly as the Fourier tansform is extended from the
Schwartz space to the space of tempered distributions, by the relation

(TeX*, ) = (X*, Tyf), X* € A5(G,2), f € Ap(G, ). (20)

Corollary 6. T, is a bounded operator on Ay (G, L) when the latter is endowed with the norm || - (| 4.

Proof. In the proof of Theorem 5 we have established that ||f4;‘||£p < H(P||oo||fAng. But HT/JHc,, _ ||T<pf||“4”
and HJ?HE,, = ||f||“4”. Therefore

ITofII* < N@lleollfI4.
Thus T, is bounded on A, (G, 2) endowed with the norm ||. 4. O

Theorem 7. If T, is a bounded operator on L' (G, ) then T, is also a bounded operator on A, (G, ) when the latter is
endowed with the norm ||. 4,-

Proof.
1Toflla, = [Teflh+ 1Tefllc,
< NTellllflln + lellell fllz,
< max{|[Tyl|, [[@lleo (I £ll1 + 1 fll,)
<

Cllflla,
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where C = max{||Ty||, [|¢[|« }. Thus T, is bounded on A, (G, 2) endowed with the norm ||-[| 4, . O
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