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Abstract

This research paper proposes a fully implicit five-quarters computational algorithms of order five for
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1 Introduction

This paper considered the numerical solution of second order initial value problem of the form

y":f(x,y,y') > y(x0)=yoa y'(xo):yl Q)

Where f is continuous within the interval of integration. Equation (1) is of interest to researchers because of
its wide application in several field of studies, such as engineering, biology, control theory and other real life
problem, hence the study of the methods of its solution is very important. Hence, authors proposed methods
with different basis functions and among them are [1,2,3,4,5,6,7,8,9,10,11,12,13] to mention a few.

Direct block method of solving higher order ordinary differential equation has been discussed by many
authors and they came into conclusion that directs methods are more convenient, efficient and accurate than
the method of reduction to systems of first order ordinary differential equation [2]. Among the authors that
proposed the direct methods are [2,4,5,6]. This block method has the properties of Runge-kutta method for
being self-starting and does not require development of separate predictors or starting values. Among these
authors are [1,2,3,7,9,11]. Block method was found to be cost effective and give better approximation.

The aim of this paper is to propose a class of Fully Implicit five-quarters Computational Algorithms of order
five for Numerical Approximation of Second order IVPs in ODEs with constant step-size which is
implemented in block mode.

The paper is organized as followed: Section 2 considers the mathematical formulation of the method.
Section 3 considers the analysis of the basic properties of the method. Section 4 considers the Region of

absolute stability of our method. Section 5 considers the application of the derived method to solve some
second order Ordinary Differential Equations and conclusion.

2 Mathematical Formulation of Five-quarters Step Method

Taylor series expansion of exponential function is adopted as a basis function for the approximation of (1)

r+s—1

(0= Y WP () 2)

%
£(x) T w.'s
where J* and "/ ” are the coefficients to be determined and a polynomial of degree ©' 15 -1
The 4-Point hybrid Computational method is constructed by imposing the following conditions on (2).

Y(xn+j)=yn+j,j:051523"'5r_1 (3)
Y5, )= fonf =012, s—1 )

Putting (1) into (4) gives

fyy)=[Pm]

k=2 h=—

Here, a step-length of 4 with constant step size 16

®)
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X=X 55X 45 X=XHnX 55X 55X 455X 5
. n+=  n+— . n+— n+=  n+— o+
Interpolating (3) at 8 16 and collocating (4) at 16 8 16 4 gives a system
of non-linear equation of the form
AX =B (6)

_ T
A=Wy, Wi, Wy, Wy, Wy, Wi, W]

T
B: ynﬂy 57.](;17f 57f 5)f 157f 5
n+— n+—  n+—  n+—  n+—
where 16 16 8 16 4
B 2 3 4 5 6 7
X X X X 5 X
1 n+— n+— n+— n+— n+—
1 x 8 8 8
n+g 21 31 41 51 6!
2 3 4 5 6
s X 15 Y 15 * 15 * s
1 n+% n+ﬁ n+ﬁ n+ﬁ n+%
1 x 15
n+ﬁ 21 31 41 5! 6!
2 3 4
X X X
0 0 1 X, n n
21 3! 41
2 3 4
15 * 15 * 15 * 15
X = n+— n+— n+— n+—
0 0 1 16 16 16 16
1! 2! 3! 4!
2 3
X X 5 X 5 X 5
n+s n+g n+s n+y
0 0 I 8 8 8
1! 21 3! 41
2 3 4
15 * 15 * 15 % s
n+— n+— n+— n+—
0 0 1 16 16 16 16
1! 21 31 41
2 3 4
X X X X
n+— n+% n+— n+%
0 0 1
L 1! 2! 3! 41
\l
w; 'S

Solving (6) for the using Gaussian elimination method or Crammer’s rule and substitute the values
into (2), gives a continuous hybrid computation method of the form;

: . 551 5
y(x):asy sTAs) s +h2 ZO;(x)fWﬁGk(x)fWk ,l=0,—,—,—, k== (7)
3 ”**8 I ’ﬁ% i—0 16 81 4
. 5 5155 . 5.5
Vsl == ﬁ,+ial:O(_):_
The coefficient of 16 816 4and 16~ 4
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a; 44(16t 15)

8

als g(St 5)

o, = ((166=15)(8¢ —5)(131072¢" ~409600¢' +403200¢* ~130000¢ +10625))
115200000

16

o, (1 6t —15)(8t —5)(131072¢* —348160¢* +211200¢” +54000¢ — 39375))
-\ 28800000

(16¢—15)(8¢—5)(131072¢* —286720¢" +83200¢> +58000¢ +41875))
19200000

((16¢-135)(8¢—5)(131072¢* ~225280¢" +19200" +2000¢ —8125))
28800000

05
2115200000

((16¢-15)(8¢—5)(131072¢* 163840 +19200¢* + 6000 1875))

==t =y, = Y, ), = (3, i), (x, + i)
Where h dx h ®)

Solving (7) for the independent solution at the off grip points give the continuous block method.

) =Z%—T@n>” +h° (Z%(X)fw +rk<x)fn+kj, i=o,i,§,§, k= ©)

5
16 8'1 4
The coefficient of i and ok give;

((32¢-25)(393216¢" —1228800¢* +1280000¢* —500000¢ + 59375))

Ty=————
14400000

-1

TS

273600000

1
Ty=——
22400000

((12582912¢° —44236800¢* +53248000¢" — 230400007 +1490625))
((12582912¢° ~39321600* +389120007' ~11520000¢* ~503125)) (10)

7,5 :—1((12582912t —34406400¢" +2867200¢* —7680000¢ +221875))
573600000

Lo ]
3 14400000

(02582912ﬁ-—29491200#-+22528000ﬁ-—5760000ﬁ-+103125n

5.5
Evaluating (9) at 167" 4 give a discrete block formula of the form
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n

k
AN =Y Hey +hd f(v,)+ b f(Y,,),i=0,1
i=0

an
where
ynJri f;1+i y(i)s f 5
16 16 n+— -
f 4
Yy ) ©)
V= s s =| e |0 = Vs | f ) = | s | A0 =5 X5
16 16
(i)
yn% ‘f;H—E nJré f;lfé
8 8
.5 S s B £
Identity Matrix
When i=0
000 S 00 o 183 75 -235 145  -35
16 73728 2048 12288 18432 24576
0001 _ _
0003 looo 2 502 5 5
60_0001 o 8| 4 4608 p| 32 768 288 1536
- ) - sUy — ) (V. B
0001 000 s 000 585 135 75 45
0001 16 8192 2048 4096 2048 8192
000 > 000 2 S5 5
L 4 | | 288 | L 12 48 36 i
When i=1
o 0 o 21 32 -11 53 19
2304 1152 96 1152 2304
00 01 29 31 1 1 -1
00 0 — = - = —
P L 288 po| 72 12 72 288
10001’100027’1£i£‘3
0 0 0 1 256 128 32 128 256
00 o0 - 4 14 7
L 72 | L9 6 9 72 ]

3 Basic Properties of the Developed Method

3.1 Order and error constant of the block method

Let the linear Operator defined on the method be sLy(x); 1], where

AR =AY) =3 Py N £, +h O, ) )
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Expanding the form Y, and F,) in Taylor Series and comparing coefficients of h, we obtained

NV =G+ Gl D) .. CIY ()+C, o @)+ C, 2 () .. (13)

Theorem 1: The linear operator and the associated block method are said to be of order p if

=C=..C, = = #
G =6 € =Cn=0C,,#20 Cpy is called the error constant. It implies that the local
truncation error is given by
+2 +2 +3
]—;wk = Cp+2hp yp (x)+0(hp ) (14)

Expanding the block in Taylor Series expansion gives.
S
® (16) v G) S5.m 2 §IT? G| 75 sY s (5Y s (15 3 (5Y
z 7}/"] ~In=—hvy r— nJ T oo Eiuuvn Il Bl B
J=0 i 16 J=0 2048\ 16) 12288 18432\ 16 24576 \ 4
S
(8) v ) s o 2P 0| 5[ / s (15 s (sY
;! 8 = 16) 768 288 16) 1536\ 4
15y
I Bl I ) (j+ J J J
16 () 15 o _ O h (j+2) 5 5 135 75 15 45 (5
TSy~ oy L——wm - | Toial
Jj=0 J! 16 J=0 2048 16 4096 2048 16 8192\ 4
(jj W .
- (j+2 J J J
i i HH O H R
x —Vp——hy, - L —— -0| —
Y= T R = 16 16 4

Comparing the coefficients of h, the order of the block is p=5 with error constant

T
3 1671875 15625 703125 15625
p+2 541165879296 2113929216 60129542144 1056964608

3.2 Consistency

In numerical analysis, it is important that a linear multistep method satisfied the necessary and sufficient
conditions. A numerical method is said to be consistent if the following conditions are satisfied.

i. The order of the methods must be greater than or equal to 1 i.e. p>1.

k
2a,=0.a,

ii. /=0 's are the coefficients of the first characteristic polynomial
p(r)=p'(r)=0
o (r) = 2!0'(r)

iil. where ¥ =1 , root of the characteristics polynomial

iv. for7 =1 , o(1) is the second characteristic polynomial.
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According to Lambert (1973) the first condition is a sufficient condition for the associated block method to
be consistent. Hence the developed method is consistent.

3.3 Zero stability of the method

The general form of block method is given as

AVY =A4"Y +h™[B'Y, +B'Y, ] (15)
Using (11) gives
1 0 0 0) (0 0 01
j 01 00| |00 01

‘[AA(O)—A(I)J‘: z - =0

001 0|/ 0001

00 0 1 00 01
A4 -3 -0.4=0001

Al=1
Since no root has modulus greater than one and | | is simple, hence the block method is zero stable in
the h —> 0

4 Region of Absolute Stability of the Proposed Method
According to Olabode and Omole [3], Ibijola et al. [5], The stability matrix is expressed as

M(z)=V +zB(M —zA)"'U

(16)
together with the stability function
P(U,Z) Zdet(UI_M(Z)) (17)
We express block method (11) in the form
2 .
Y | {A U} h=f(»)

where
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o 0 0 0 0
1835 75  -235 145 -35
73728 2048 12288 18432 24576
265 5 -25 5 -5
4=| 4608 32 768 288 1536
s sgs 135 75 s 1835 75 235 145 35
8192 2048 4096 2048 8192 B| 73728 2048 12288 18432 24576
35 5 5 5 35 5 5 5 0
- . . . 0 _ - - _
| 288 12 48 36 288 12 48 36
01
"=l 1
(19)
Y, 1
01 10000 Vs /s
0 1 01000 , ' f”’ 5 y
- 5 n+— "1
U=|0 1,M=/0 0 1 0 0|.Y=|"n3 | fO)=| "r5 | Y, = "6y, = "
0 1 0 0 0 1 0 y,,+E f;HE yn n+§
0 1 0 0 0 0 1 16 16
Y. f s

The elements of the matrices A, B, U and V are substituted and computing the stability function with Maple
software yield the stability polynomial of the method which is then plotted in MATLAB environment to
produce the required absolute stability region of the method. The graph is shown by the figure below, shows

that the Method is A-Stable and the plot covers a large region of the complex plane Z€ ¢

25

Region of Absolute

Stability of K=5/4 Block Method

Relz) )

Fig. 1. It shows the region of absolute stability of the developed method
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S Implementation of the Developed Method

In this section, The developed methods is tested on some sample of initial value problem of second order
ordinary differential equation. The problem solved ranges from linear, non linear, oscillatory and application
problem (Dynamics). The absolute error of problem IV is compared with Ali Shokri 2014. All the methods

are of the same order P = S
5.1 Numerical experiments

5.1.1 Problem I: Considered a non-linear second order ordinary differential equations
1

2 b
2+x

y(x)=1+ % log (2—)

h=0.1

yu :x(yv)Z y(O) =1, y '(0) =
Exact solution: -

5.1.2 Problem II: considered a highly oscillatory test problem
y'+y'=0, y(0)=1, »'(0)=2, h=0.01

Exact solution (%) = cos(2x) +sin(2x)

5.1.3 Problem III: consider a non-linear second order ordinary differential equations

)

y 2y

“2V y(pil6)=1. y’(pi/6)=%, h=1/320
— o1 A
Exact solution: y (x) - sm(x) 2

5.1.4 Problem I'V: Consider a non-linear second order ordinary differential equations
y"=50y°, y(1)=1/6, y'(1)=-5/36, h=0.1,h=0.01,h=0.001

Exact solution y(x)=1/(1+5x)

5.1.5 Problem V: Considered a non-linear second order ordinary differential equations

" g ! i — — Y1) — :E
4 +(xjy +(x2jy 0xh=L Y=L 4 32

5 2
»(x) —g—g

Exact solution:
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5.1.6 Problem VI: Considered a linear second order ordinary differential equations

y'"=-y, y(0)=1, »'(0)=1, h=0.1

Exact solution y (x) - cos(x) + Sin(x)

5.1.7 Problem VII: Considered a problem in Engineering ‘Dynamic Problem’ solved by Areo and Omojola
[12].

A 10kg mass is attached to a spring having a spring constant of 140N/m. The mass is started in motion from
the equilibrium position with an initial velocity of 1m/s in the upward direction and with an applied external

force F(#)=5sint . Find the subsequent motion of the mass if the force due to air resistance is —90xN.
9 _ 99 _ 9 13 .
x(t)=——e ' +——e " ———cos(t) + ——sin(¢)
To obtained the exact solution 50 500 500 500

It follows that, the exponential terms, which come from the homogenous solution represent an associated
free over damped motion, quickly die out. These terms are the transient part of the solution. The terms
coming from the particular solution, however, do not die out at t tends to infinity. They are the steady-state
part of the solution.

5.2 Table of results

Table 1. Result of test problem 1

X-values  Y-exact Y-computed Error in our method Executed time
0.0009766 1.000488281288805200 1.000488281288806300 1.11022302e-15 0.0034
0.0019531 1.000976562810441000 1.000976562810443700 2.66453526e-15 0.0064
0.0029297 1.001464844797739200 1.001464844797744300 5.10702591e-15 0.0075
0.0039063 1.001953127483532700 1.001953127483549800 1.70974346¢-14 0.0082
0.0048828 1.002441411100655700 1.002441411100682300 2.66453526¢-14 0.0089
0.0058594 1.002929695881946500 1.002929695881987300 4.08562073¢-14 0.0093
0.0068359 1.003417982060245100 1.003417982060305500 6.03961325¢-14 0.0096
0.0078125 1.003906269868396700 1.003906269868545700 1.48991930e-13 0.0101
0.0087891 1.004394559539250900 1.004394559539424800 1.73860926e-13 0.0105
0.0097656 1.004882851305662500 1.004882851305876500 2.14050999¢-13 0.0109

Table 2. Result of test problem 2

X-values  Y-exact Y-computed Error in our method Executed time
0.1000000 1.178735908636302700 1.178735908636302300 4.44089210e-16 0.0165
0.2000000 1.310479336311535700 1.310479336311531900 3.77475828e-15 0.0281
0.3000000 1.389978088304713700 1.389978088304704600 9.10382880e-15 0.0388
0.4000000 1.414062800246688200 1.414062800246671100 1.70974346¢-14 0.0499
0.5000000 1.381773290676036000 1.381773290676009200 2.68673972e-14 0.0612
0.6000000 1.294396840443900100 1.294396840443861500 3.86357613e-14 0.0708
0.7000000 1.155416872888702000 1.155416872888650500 5.15143483¢-14 0.1275
0.8000000 0.970374080740218140 0.970374080740153080 6.50590692¢-14 0.1395
0.9000000 0.746645536185110980 0.746645536185032710 7.82707232¢-14 0.1488
1.0000000 0.493150590278543470 0.493150590278453260 9.02056208¢-14 0.1589

10
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X-values Y-exact Y-computed Error in our method Executed time
0.5245753 0.250846204232690550 0.250846207686758300 3.45406775e-09 0.0465
0.5255519 0.251693358911382450 0.251693368177742520 9.26636007¢-09 0.0538
0.5265285 0.252541460804438120 0.252541477525292320 1.67208542¢-08 0.0624
0.5275050 0.253390506676606510 0.253390554442725680 4.77661192e-08 0.0707
0.5284816 0.254240493289035530 0.254240544431130700 5.11420952e-08 0.0742
0.5294582 0.255091417399285040 0.255091474222082560 5.68227975e-08 0.0757
0.5304347 0.255943275761337740 0.255943339869503130 6.41081654¢-08 0.0762
0.5314113 0.256796065125613200 0.256796159576889450 9.44512762¢-08 0.0765
0.5323878 0.257649782238979000 0.257649879987756620 9.77487776¢-08 0.0788
0.5333644 0.258504423844763960 0.258504527142997990 1.03298234¢-07 0.0806

Table 4. Result of test problem 4, when h=0.1, 0.01 and 0.001
X-values Y-Exact Y-Computed Error in our method Error in Ali Shokri [14]
5.1250000 0.037558685446009391 0.037558361726772745 3.23719237e-07 1.1325e-05
10.0625000 0.019488428745432398 0.019486108175352040 2.32057008e-06 4.2034e-05
15.0625000 0.013104013104013105 0.013096380020518012 7.63308350e-06 6.1478e-04
20.0625000 0.009870450339296731 0.009852593037001587 1.78573023e-05 9.0336e-04
25.0625000 0.007916872835230085 0.007882280414309299 3.45924209¢-05 -

When h=0.01

X-values Y-Exact Y-Computed Error in our method Error in Ali shokri [14]
5.0500000 0.038095238095237807 0.038095238094946401 2.91405788¢-13 2.7745¢-07
10.0500000 0.019512195121951285 0.019512195119777535 2.17375076e-12 4.0120e-07
15.0500000 0.013114754098360930 0.013114754091201662 7.15926797¢-12 5.1436¢-07
20.0500000 0.009876543209876838 0.009876543193114824 1.67620137¢-11 8.1129¢-06
25.0500000 0.007920792079208198 0.007920792046712068 3.24961308e-11 -

11
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When h=0.001
X-values Y-Exact Y-Computed Error in our Method Error in Ali Shokri [14]
5.0006250 0.038456916236028642 0.038456916236028524 1.17961196¢e-16 2.0025e-10
10.0012500 0.019605440509740456 0.019605440509734749 5.70724024e-15 5.8625e-10
15.0006250 0.013157353727228947 0.013157353727209454 1.94930877e-14 6.0369¢-10
20.0006250 0.009900683765972612 0.009900683765920538 5.20746640e-14 8.4412e-09
25.0006250 0.007936311103396701 0.007936311103294196 1.02504810e-13 -
Table 5. Result of test problem 5

X-values Y-Exact Y-Computed Error in our Method Executed Time

1.010 1.009299459336012900 1.009301243863692600 1.78452768e-06 0.1020

1.012 1.011050479081722700 1.011052894071904800 2.41499018e-06 0.1054

1.013 1.011912777775976200 1.011915253507538000 2.47573156e-06 0.1061

1.014 1.012766348584467100 1.012768921972228200 2.57338776e-06 0.1066

1.015 1.013611250648484200 1.013613947270816800 2.69662233e-06 0.1070

1.016 1.014447542686413700 1.014450731722504900 3.18903609¢-06 0.1077

1.017 1.015275282997085700 1.015278533191526800 3.25019444e-06 0.1083

1.018 1.016094529463085900 1.016097876587227300 3.34712414e-06 0.1087

1.019 1.016905339554039900 1.016908808389307400 3.46883527e-06 0.1091

1.020 1.017707770329870300 1.017711718765947900 3.94843608e-06 0.1094

12
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Table 6. Result of test problem 6

X-values Y-Exact Y-Computed Error in our Method Executed Time
0.001 1.000976085507659300 1.000976085507659300 0.00000000e+00 0.0051
0.002 1.001951216410210200 1.001951216410210200 0.00000000e+00 0.0075
0.003 1.002925391777695900 1.002925391777695900 0.00000000e+00 0.0083
0.004 1.003898610681070100 1.003898610681070100 0.00000000e+00 0.0092
0.005 1.004870872192199100 1.004870872192199100 0.00000000e+00 0.0098
0.006 1.005842175383862200 1.005842175383862200 0.00000000e+00 0.0101
0.007 1.006812519329752600 1.006812519329752400 2.22044605e-16 0.0104
0.008 1.007781903104477900 1.007781903104477900 0.00000000e+00 0.0107
0.009 1.008750325783562200 1.008750325783562200 0.00000000e+00 0.0110
0.010 1.009717786443445700 1.009717786443445700 0.00000000e+00 0.0119

Table 7. Result of test problem 7
X-values Y-Exact Y-Computed Error in our Method Executed Time
0.0009766 -0.000972281269853562 -0.000972361595065321 8.03252118e-08 0.0604
0.0019531 -0.001936041153867146 -0.001936256621243597 2.15467376e-07 0.0755
0.0029297 -0.002891340944060578 -0.002891729640479877 3.88696419¢-07 0.0858
0.0039063 -0.003838241508575083 -0.003839351892888554 1.11038431e-06 0.0905
0.0048828 -0.004776803294573667 -0.004777991628559325 1.18833399¢-06 0.0937
0.0058594 -0.005707086331121749 -0.005708405856426478 1.31952530e-06 0.0948
0.0068359 -0.006629150232048403 -0.006630637936799994 1.48770475e-06 0.0952
0.0078125 -0.007543054198787732 0.007545242906571024 2.18870778e-06 0.0955
0.0087891 -0.008448857023201178 -0.008451121402863710 2.26437966e-06 0.0961
0.0097656 -0.009346617090380382 -0.009349008851141006 2.39176076e-06 0.0967
0.0107422 -0.010236392381430894 -0.010238947442496262 2.55506107e-06 0.0972
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6 Conclusion

This research paper proposes a Fully Implicit five-quarters Computational Algorithms of uniform order five
for Numerical Approximation of Second order IVPs in ODEs. The method is consistent, convergent, zero
stable and A-stable as shown in figure 1 above. The method solves second order ordinary differential
equations efficiently and accurately. It has a low error constant and gives better approximation. The method
also solves application problem “Dynamic Problem’. The developed method is specifically compared with
Ali Shokri (2014). The results are presented in table 1-7 above.
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