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Abstract

In this paper we consider the initial value problem of an inertial model for a generalized semilinear
plate equation with memory in R™ (n > 1). We study the decay and the regularity-loss property
for this type of equations in the spirit of [1, 2]. The novelty of this paper is that we extend
the order of derivatives from integer to fraction and refine the results in the related literature [1, 3].

Keywords: Plate equation; decay; reqularity-loss; memory.

Mathematics Subject Classification (2010): 35L30, 35B40.

*Corresponding author: E-mail: shikuanmao@ncepu.edu.cn;
E-mail: wangmumu44@163.com


http://www.sciencedomain.org/review-history/19447

Mao and Wang; ARJOM, 4(4): 1-14, 2017; Article no. ARJOM.33909

1 Introduction

In this paper we consider the initial value problem of an inertial model for the following generalized
semilinear plate type equation with memory in R™ (n > 1):

{utt—Autt+(—A)pu+u+g*Au:f(u,ut,Vu), (1)

u(z,0) = uo(z), wue(z,0)=ui(x).

Here p > 1 is a real number, the subscript ¢ in u; and u: denotes the time derivative (i.e., uy = dyu
and u¢ = 07u), u = u(x,t) is the unknown function of (z,t) € R x R*, and Auy corresponds to
the rotational inertia. The memory term g * Au := fot g(t — 7)Au(7)dT means that the stress at
an instant depends on the whole history of the strains the material has suffered. We assume the
following assumptions:

Assumption [A]: g € C*(RT), g(s) > 0, and there exist C; > 0 (i = 0,1,2) such that
i) —Cog(s) < g'(s) < —Cug(s), |g"(s)| < Cag(s), Vs €RT,
i) [7g(s)ds < 1.

Assumption [B]: f € C*(R"*?) and there exists a € Z" satisfying o > aip, 1= 1+maz{2, i(éfl))}
such that f(Au, Adug, A\Vu) = A% f(u, ut, Vu), YA > 0.

We note that the above assumptions are similar to that in [1], which corresponds to the case p = 2.
And we will use the operator |V| (which is defined by the Fourier transform) to measure regularity.
If we let

op(r,n) = (5 +r)(p—1) +r (1.2)

denote the index of regularity-loss, then we can state our main theorem:

Theorem 1.1 (existence and decay estimates). Lets > 0,p > 1 be real numbers, s > maz{5 + 1,p — %}
form =1 and s > % +1 forn > 2. Assume that uo € getmaeilr=1}(R™)  LYR™) and
w1 € H*(R™) N LY(R™), and put

Eo = [luol| gs+mae(rp—1y + [Jurllms + || (wo, ua)ll 1.
Then there exists a unique solution u(x,t) to the problem (1.1), which satisfies
u € C0([0,00); H*Fm b= (R™)) 0 O ([0, 00); H(R™)),
and the following decay estimates:
V" @)l ot maztto-11—aptrm < CEo(14+1)" 472, (1.3)
for real number r > 0 satisfying op(r,n) < s+ maz{l,p — 1}, and
NV (0) o optrmy < CEo(1+ 1)~ %75, (1.4)
for real number r > 0 satisfying op(r,n) < s.

Remark 1. The case p = 2 corresponds essentially to the result in [2].

For the plate type equations, there are many results in the literature. In [4], da Luz and Charao
studied a semilinear damped dissipative plate equation:

U — Augy + A%u +ug = f(u). (1.5)
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They proved the global existence of solutions and a polynomial decay of the energy by exploiting
an energy estimate method. However their result was restricted to the dimension 1 < n < 5. This
restriction on the space dimension was removed by Sugitani-Kawashima [5] by the fundamental
method of energy estimates in the Fourier (or frequency) space and some sharp decay estimates. For
the case of memory dissipative plate equations, Liu-Kawashima [3] studied the following semilinear
plate equation with memory term

u,g,g—l—A2u—|—u—i—g>kAu:f(u)7

and obtained the global existence and decay estimates of solutions by employing the energy method
in the Fourier space. In [1], Liu studied the following problem with memory and rotational term

Ut — Augr + A2u—|—u+g* Au = f(u,us, Vu),

and proved similar results as in [3]. The results in these papers [1, 3] and the general dissipative
plate equation [5, 6, 7] show that they are of regularity-loss property. The decay structure of the
regularity-loss type in [1, 3] is characterized by a function in the frequency space

2
o) = T

A similar decay structure of the regularity-loss type was also observed for the dissipative Timoshenko
system ([8]) and a hyperbolic-elliptic system related to a radiating gas ([9]). For more studies on
various aspects of dissipation of plate equations, we refer to [10, 11, 12, 13]. Also, as for the study
of decay properties for hyperbolic systems of memory-type dissipation, we refer to [14, 15, 16].

The main purpose of this paper is to study the decay estimates and regularity-loss property of
solutions to the initial value problem (1.1) in the spirit of [1, 3]. In [2], Mao-Liu studied the linear
equation corresponding to (1.1) and obtained a result which shows that in the case of p > 1, the
decay structure of the linear equation is of regularity-loss property and this property is characterized
by the following function in the frequency space
€I
pp(&) - 1+ |§|2p

while in the case of p = 1 there is no regularity-loss. Our goal is to check whether this property is
stable under the semilinear perturbation. By a similar argument as in [1], we proved this stability
under our assumptions. We note since our result is in the frame of fractional order derivative and
fractional Sobolev spaces, more subtle and delicate estimates must be needed, and it will be done
in Section 2.

Before closing this section, we give some notations to be used below. Let F[f] denote the Fourier
transform of f defined by

PN = 10 = g [ i@,

and we denote its inverse transform as F~'.

For s € R, we denote the Sobolev spaces by H°(R"™), its norm is defined by
IFlleze = 1L = D)2 fll 2y 2 146" Fllz gy,

here (¢) = (1+ |§|2)% denotes the Japanese bracket.

Also, C*(I; H*(R™)) denotes the space of k-times continuously differentiable functions on the
interval I with values in the Sobolev space H®> = H*(R").

Finally, in this paper, we denote various constants by the same symbol C or ¢, which may change
line to line.
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2 Proof of the Main Theorem

In this section, we prove the global existence and decay estimates for solution to the problem (1.1)
by employing the contraction mapping theorem. First we recall some properties for the fundamental
solution G(z,t) and H(z,t), which satisfy the following equations:

(1-A)Gu+ (14 (-A)P)G+gxAG =0,
G(z,0) =d(x), Gi(z,0)=0,

and

(1—-A)Hy +(1+ (-A)P)H + g+ AH =0,
H(z,0) =0, H¢(z,0)=4d(z),

respectively.

Lemma 2.1 (see [2]). Let r,p,v,s > 0,p > 1 be real numbers , o € Hs+tmaz{lr=1}(Rr)n
LY(R™), ¥ € H*(R") N LYR™), 1 < g < 2, then the following estimates hold:
Case I (p>1):
nel_ 1y ¢ — v
1) [IVI"G (@) * gl < CA+4)" 2272 o]l La + C1+ )T ||| grrsss,
forr>0, pu>0, v>0, r+p+v<s+maz{l,p—1}.
_ncl_1y ¢ __ v
2) IIVI"Ge(t) * llan < CL+1)" 247275 o]l a + C(L+ ) T[] yrtntvtmasn1.0-13
forr>0, u>0, v>0, r+pu+v<s.
_nl_1y_ r __ v
3) WIVITH ()« Pllan < CO+)" 2@ D72 [hl|a + C(L+ )20 [ grtutv-masro-11,
forr >0, pu>0, v>0, r+p+v<s+maz{l,p—1}.

_nel_1y_r —
ANV He () * llae < CA+8)7 2@ 275 9]0 + C1L+ )7 T |9 grrces,
forr>0, u>0, v>0, r+pu+v<s.

’Case H(pzl):‘
_nl_1y_r
VIV G) # plln < C(L+6)" 2G5 |10 + Ce™ o]l o,
for0<r+4+p<s.
_nel_ 1y _r
2)' [[[V]"Ge(t) # pllzn < CL+6)" 2@ D75 |10 + Ce™* o]l o,
for0<r+4+p<s.
_nl_1y_ 1
3) [IVI"H() * ¢llan < CA+6)7 257272 o] La + Ce [l grrin,
for0<r+4+pu<s.
_nl_1y_ 1
) IV He(8) * @lln < CA+6)7 25727 o] e + Ce™ |l grn,
for0<r+4+pu<s.

Then in terms of G(z,t) and H(z,t), the solution u(t,z) to the equation (1.1) can be formally
written as

u(t) = G(t) * uo + H(t) * uy —I—/O H(t—7)% (1= A" flu,ue, Vu)(r)dr. (2.1)

We also need the following lemma which can be proved by inductive argument combined with the
Littlewood-Paley theory:

Lemma 2.2. Assume that o > 1 and 8 > 1 are integers, then the following estimates hold:

(1) 107 (w01 < CllullZ=H ol (lull 2 1050l 2 + ([0l 21105 ull 2), Vm € ZF.
). IIVI" (w02 < Cllullz ol 2 (lull e [19] 0l 2 + [z V] ull 2), ¥r € RY.
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Finally we recall the decay estimates for solutions to the linear problem (i.e., with f(u,u¢, Vu) =0
in (1.1)) in [2]:

{utt —Aup + (—AYu+u+g* Au=0, (2.2)

u(z,0) = uo(z), wue(z,0)=wui(x).

Lemma 2.3 (see [2]). Let s > 0 be a real number. Assume that ug € H*Tmo= P11 (RO L1(R™)
and uy € H*(R™) N LY (R™), and put

Eo := [luo|l grstmaztip-1y + [Jurllmrs + [[(wo, ur)| 21
Let u be the solution to (2.2), then u satisfies the following decay estimates:
(1). If s> 4(p—1) —max{l,p— 1}, then
V] w(t)|| yetmantio1)—operm < CEo(14+1)" 472,
forr >0 and op(r,n) < s+ maz{l,p — 1}.
(2). If s> 4(p—1), then
VT e o-aptrm) < CEo(14+1)717%,
forr >0 and o,(r,n) < s, here o,(r,n) are defined in (1.2).

Remark 2. We state the results in the previous lemma in somewhat different form, and it can be
directly verified by checking the argument in [2].

Now in order to prove theorem 1.1, we define

X = {u € C°([0,00); H* e P (R™)) 0 O ([0, 00); H (R™)); |lullx < o0},

here
lullx == sup [u(®)]| gs+maz1p-1y + sup [lue(t)| s
t>0 t>0
+ sup sup(1 4+ t) = 2 |||V u(t) || et maz (1.0-1}—ap(rn)
{r;op(r,n)<s+max{l,p—1}} t>0
+  sup sup(L4+6) T E ||V e (8)]] jpomop (i -
{rjop(r,n)<s} t>0
Denote

U = (u,ut, Vu),

Br:={u € X;ljulx <R}, VR>O0,

o[u](t) := G(t) x uo + H(t) * u1 +/0 H(t—7)*(1— A)_lf(U)(T)dT,
d)o(t) = G(t) * Ug + H(t) * U7 .

In the following we will prove that v — ¢[u] is a contraction mapping on Br for some small R > 0.
First we give two propositions which will be frequently used in the subsequent computation.

Proposition 1. If u € X, then the following estimate holds:
U@z < Cllullx (1 + )=, (2.3)

here
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Proof. By the Gagliardo-Nirenberg inequality, we have
[T@ Iz < CIUD I IV IPU @122,
here so = % + €0, with € € (0, (s—p+ %)/p] fixed, and 0 = %

(1). When n = 1, since s > § + 1, we have s +maxz{l,p — 1} — 0,(0,1) > 1, thus ||U(¢)||z2 <

(1 +t)7% [ullx by the definition of ||u||x. Similarly, since s > p— 3, which implies s — o(s0,1) > 0,

we have [[|V]*°U (¢)||z2 < (1 +t)*%*%\|u|\x. Then dn, = (1 —60)1 +0(3 + ) = 1, it yields (2.3)
with n = 1.

(2). When n > 2, since s > % + 1, we have s — 0,(0,n) > so, thus ||[U(t)[|12 < (1 +1) 7 |ul|x
and [||[V|®U(#)||p2 < (1+¢)” % ||lullx. Then d, = (1—0)2 +602 = 2 it yields (2.3) withn > 2. O

Proposition 2. Let a > 0 and b > 0 be real numbers. If a +b > 1, then there exists C > 0
(independent of t > 0) such that the following estimate holds,

t
/ A+t—7)""A+7)tdr <C.
0

Proof. Directly computation! O

Proof of Theorem 1.1. We denote V := (v,v¢, Vo), W := (w, wt, Vw), then
o[v](t) — B[w](t) = /O H(t—7) % (1= A) " (f(V) = fF(W))(7)dr.

Case I (p > 1) || We split the proof into four steps.

Step 1: By applying Lemma 2.1 3) with ¢ = 1 and p = s + maz{1,p — 1}, we have that
t
[(¢[v] = plw)) ()| grotmanir.p—1y = H/ H(t = 1) (f(V) = FW)(T)dT || grotmantn,p-1) -2
0
t
<0 [@rt=n) HIAW) = J0)adr
0

0 [t =) T NW) - O0)gresede
=1+ . (2.4)
By using Lemma 2.2, we get that
1) = VNl < OV W2V W) el (V — W) o
In view of (2.3), we have that

(V) = F)(D)llr < Cll(w,w) |5 v = wlx (L4 7) 72 7%

o 1+7)" 7, n=1

< C|(v,w Ho —w ( na ’ 2.5
< Ol w)lE |x{(1+7)_47 "y (25)
Then by Assumption [B] and Proposition 2, we have

L < Cll(v,w)]|% v —wlx. (2.6)
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Taking v = 2, by using Lemma 2.2, it holds that

1F (V) = FW)lms < Cll(v, w)l|Z= (I (v, w)l| s v — wlls

2.7
s w) - [0 = wll ). @)
It yields that
1£(V) = M) [[ms < Cll(w,w) |5 o — wllx (14 7)Y, (2.8)
Then by Assumption [B] and Proposition 2, we have
12 < O, w)I5 o - wilx.
Put the estimates for I; and I in (2.4), then we obtain
(¢[v] = ¢[w]) ()| getmazt1o-1y < Cll(v,w)[|5 o — w]|x. (2.9)
Step 2: By applying Lemma 2.1 4) with ¢ =1, 4 = s — 2 and v = 2, we have that
10:(o[v] — S[w))(t)||ms =] f(fth(t =) *(f(V) = FW))(T)dT| gy
<C i+t =) V)~ JW) ] dr 10
+C [y (L4t =) 7T (V) = f(W)|redr
= I3+ I4.
We can estimate I3 and I4 similarly as for I; and I2 in step 1, then we have
10:([v] = S[w]) ()| < Cll(v, w)[|5 " [Jo — w]|x- (2.11)

Step 3: Let r > 0 be a real number satisfying op(r,n) < s+maz{l,p—1}, and p = s+maz{l,p—
1} — op(r,n), then we have

1IV]"(¢[v] = S[w]) (D] fys+maziro—13—cp(rm)
t
< / 3 VI — ) # [ FV) = FV) g smantiny-optomr-2dr
=I5+ Is. 2 (2.12)
By virtue of Lemma 2.1 3), we have

r—

< [Mar—n W) - J) s

t
3 . .
0 [Pkt =) TNV — FON gt aptom-aevir
0
= Isa + I5p. (2.13)

In view of (2.5) and by a similar argument to (2.6), we have that

10T (F(V) = FW) I < CIIV, W2 NNV, W) g2 188 (V = W) (7)]] 2
+ 105V, W) () 2 (V= W)(T)]] 2)

[r]
2

< Ol w) % v = wllx (L4 7) @D 75 (2.14)
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Thus

r—|[r] [r]

% - a—1 —dn(a—2)—ﬂ—[7']
Isa <C | (1+t—7) 17 2 [[(v,w)[lx " [lv —wlx(1+7) P 2dr
0

n

SO+ 15| w)lI% o - wlix-
Ifr+upu—2+v—maz{l,p—1} < s+maz{l,p— 1}, taking v = o,(r,n) — r + maz{1l,p — 1}, then
sy >its T 1, by virtue of (2.7) we have
10X (£ (V) = OV et mas (1.m-1) ~ 1012
< Cll(w, w)|[ 3" () (v, w) [ Lo 08 (0 = )| ot mas (1511 -1 -2

+ 1108 (v, W) ot maci1p-1y -2 [0 — w][z==). (2.15)

It yields that
10 (F (V) = FOV D g mas -1y -2 < Cll(@,w) |5 o = wllx (14 7).,

Since a > 1 by Assumption [B], we have

r

Iy <C(L+6) 172 (0, w) |5 o — wl|x.
Put the estimates for I5, and I, in (2.13), we obtain that
Is <CL+0)" 5| (v,w)lI5 o — wlx. (2.16)

In view of Lemma 2.1 3) with v = p — 1, we have that

n_r—[r]

I <C[i(ttt—m)5 2 o (F(V) = FW)prdr
+C [1 1+t =)7L (F(V) = FWD gr—tr4e-nsprdr (2.17)
= Isa + I6p.

Since
1051 (F (V) = FW)er < IV WOV W) 2|08 (V = W)(7) | e
T VW) ()| L2 l(V = W) (7]l 2)
< Cll(v,w)[|5 v — wllx (1 + T)_d"(a_”_%_% (2.18)

We have that

r—Ir]

t
I6as0/(1+t—7>*%* :

t

2

a— —dn (a— —n_[r]
(0, w)lI5 o = wllx (1 +7) 7275 2 gr

<O+6)" 172 (0,w) % v - wllx.
By virtue of (2.15), we obtain

r o —dp(a—1)—2 171
10T (F(V) = FOV ) grr-te-24p-1 < Cll(w,w)|F v = wl|x (1 4 7)" 7D 7475

By virtue of Assumption [B], we have
Ip < CAL+ )74 2]|(v,w)|¥ v — wl|x-
Put the estimates for Is, and Ie, in (2.17), we obtain that

I <CO+1)7 12| (v,w) ] v — wllx. (2.19)
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Combining the estimates (2.12) (2.16), and (2.19) we obtain that

V17 (@le] = SroD O] s mariro=11=operm < C(L+1)7 5 F|(0,w) |5 v = wlx-

It yields that

33‘3(1 F 1)V (0] — S[w]) (B)] yetmasto-11—apirm < Cll(v,0) |5 [0 — w] x-

(2.20)

Step 4: Assume that r > 0 be a real number with o, (r,n) < s and g = s — (7, n), then we have

[IVI"0e(¢[v] = L)) (D)l fra—opirm
.
< (/02 +/:)|HV|T’[”Ht(t = 1) VI V) = FW) gomaptrim—2dr
=TIr + Is. 2
By virtue of Lemma 2.1 4), we have

n

s [Mare—n ol W) - J) s

t
3 - .
+ C/ (14t =) 20|01 (F(V) = FW)) | gr-tri4a-ap(rm -2 dT
0
= I7qa + I7p.
Similar to the proof of (2.6), we obtain

Ira < C(L+ )17 2| (v,w) |5 o — wx-

(2.21)

(2.22)

Ifr+pu—2+v <s, by virtue of (2.15), with » — [r] + p — 2 + v — max{1l,p — 1} replaced by

r+u— 2+ v, taking v = o,(r,n) — r, then 55— = 4 + 5 and we have

n_r

O£ (V) = S W)l gga-t1-2 < Cll(w, w)lI5 o = wlx (L4 7) 77D 7E 75,

Thus we have that .
Iy <CA+ 1) 172 (v, w) K o — wl|x.

Put the estimates for Iz, and Iz, in (2.22), we obtain that
I SCA+6) 52| (w,w)[|I¥ o — wl|x.
By virtue of Lemma 2.1 4) with v = 2, we have

I <C[iA+t-n) 13l (FV) - JW ) dr

+C [L 1+t —7) 2D 9 (F(V) = S| gr—toto—opirm dr
= Igq + Isp.

Since

1O (F (V) = FOV)zr < CIVW)OIIEL VW) ()2 105 (V = W) ()l 2
+ [0SV, W) ()2 IV = W)l 2)-

thus .
7 .

10 (F (V) = FOV D1 < Cliw, IS flo = wilx (14 7) =727

(2.23)

(2.24)
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It yields that .
Isa SCA+6)737 2 (v,w0) |5 o — w]x.

Similar to the proof of I7,, we obtain
Isy < C(1+ )57 5| (v, w) |5 lo — wlx
Put the estimates for Is, and Ig, in (2.24), we obtain that
I <CO+1)7 12 (v,w) |5 v = wllx. (2.25)
Combining (2.21), (2.23) and (2.25) we obtain that
19]"0u(lv] = S[w]) ()| ys—eptrmy < CA+1) T 2[|(v,w) |5 o — wl|x.
It yields that

ig}g(l + 1) T2V 0 (0[0] — S[w]) ()] gye—opiromr < Cll(v, )15 [v = w]lx- (2:26)
Case I (p = 1) || We split the proof into four steps.

Step 1’: In view of Lemma 2.1 3)’, with ¢ = 1, = s + 1, we have that

I([o] = Sl Ollrosr = || fo H(t =7) % (F(V) = FW))(T)dr | gros1-2
<O Jo@+t =) HF(V) = FW)|prdr

2.27
O [ eI F(V) = W) geradr (220
=J1+ Jo.
By a similar proof to (2.5) and (2.7), we have that
S <O, )5 v —wlx,  J2 < Cll(v, w)||$ lv — wl|x-
Put the estimates for J1 and J in (2.27), we obtain
[(8[v] = B[w])) ()| =41 < Cl(v, w) IS v — wllx, (2.28)
for p = 1.
Step 2': In view of Lemma 2.1 4)’ with ¢ = 1 and p = s, we have that
t
10¢(o[v] — S[w])(t)||s = H/O Hi(t — 1)+ (f(V) = fWV)(7)dT || rs—2
t
<0 [ @rt=n) HIAW) = JO)adr
0
t
+C [ DRV = W) o2
0
= Js+ Js4. (2.29)
We can estimate J3 and Ji similarly as for J; and J> in step 1’, then we have
10:(¢[v] — Blw) (@) ||z < Cll (v, w) |5 v — wlx, (2.30)

for p = 1.

10
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Step 3’: Assume that r > 0 be a real number with o,(r,n) < s+1and p = s+ 1—op,(r,n), then
we have

VI (¢[v] = dlw)) ()l grs+1-op(rm)

t

5’ ¢ — |7 T
< ("4 [T B = 7 [9IUV) = SOV oy
2

=Js+ Js.

In view of Lemma 2.1 3)’, we have that

(2.31)
t _n_r=[r] r
Js S CJE(+t=m) T = (F(V) = SOVl dr
+C [ e TN (V) = SOV grtr1sss1-optrim -2k (2:32)
= Jsa + Jsb-
Similar to the proof of Is, and I5;,, we obtain
Jsa < CL+ 071730, w5 o — wlx,
and .
Jsp < C(L+8)" 372 [(v,w) % o — wllx.
Thus ,
Js SCL+ )52 (v,w)|% v — wx. (2.33)
In view of Lemma 2.1 3)’, we have that
n _r=|[r] [
Jo <C[i(+t—m) 1200 (F(V) = f(W))llpadr
+C [1 e NS V) = W)l g ser-optrm -2dT (2:34)
= Joa + Job-
Similar to the proof of Is, and I¢,, we obtain
Joa < CL+ )75 |(v,w)lI5 o — wllx,
and -
Jop < C(1+1)7 572 (v, w) |5 v — wlx.
Thus
Jo < C(L+ )52 (v, w)5 o — w|x. (2.35)
Combining the estimates (2.31) (2.33), and (2.35) we obtain that

[1V]"(6[v] = @[w)) (B)]] jpsr-cpirmy < CA+8)" 372 (v, 0)|% v — w]x.
It yields that

iglg(l + 8TV (B[0] = [w])) ()| et 1-oprm < Cll(w, w) |5 v — w]lx- (2.36)

Step 4’: Assume that » > 0 be a real number with o, (r,n) < s and u = s — 0,,(r,n), then we have

V1" 0(¢v] = lw]) (D)l grs—oprm

< (/02 +/£)|V|T[T]Ht(t — 1) % (VI FV) = FOV) ] yemoprm —2dr
= J7+ Js.

(2.37)

11
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In view of Lemma 2.1 4), we have that

n_ r=[r]

Jo <C[EQ4t—7) i 2 AN (F(V) = FOV)) | prdr
% —c(t—7) 1 9lr] _ (238)
+C [ e (G U TN {0) | ———"
= Jra + J7b.

Similar to the proof of I7, and I7,, we obtain

n

Jra < CL+8)7572 || (v,0)[|5 v - wlx,

and
T < CA+1)7 172 |(v,w) |5 v — wl|x.
Thus )
Jr <CA+1) 7472w, w) |5 v — wllx. (2.39)

By virtue of Lemma 2.1 4)’, we have

r—

J <O Ji+t—n) T S (V) - fOV)) | prdr
O [ e AL (F(V) — FOW) o toveoprm dr (2.40)
= Jsa + Jsb.
Similar to the proof of Is, and Is,, we obtain

Jsa < C(L+6)7T7 2| (v,w) |5 v — wl|x,
and .
Jsp < C(L+1)7172|(v,w) |5 v — wl|x.
Put the estimates for Js, and Jsp in (2.40), we obtain that
Js <C(L+4)7 572w, )| v — wllx. (2.41)
Combining (2.37), (2.39) and (2.41) we obtain that
V" 0e(6[v] — dlw)) ()] yo-opirmy < CL+)" 52| |(v,w)]|% v — w||x.
It yields that
iglg(l + 1) T 2||V0([v] — ) (D) yo—opirm < Cll(w, w) |5 v — w]|x. (2.42)

Step 5: Combining the estimates (2.9), (2.11), (2.20) and (2.26) for p > 1; (2.28), (2.30), (2.36)
and (2.42) for p = 1, we obtain that

1(¢l0] = lw)®)llx < Cli(v, w) |5 v = wllx-

So far we proved that ||(é[v] — ¢[w])(#)]|x < C1R*"Y|v — w|x if v,w € Bgr. If Ey is suitably small
such that R <1 and C1R < %, then we have that

(6] — Sl Dllx < 510 = wllx.

On the other hand, from Lemma 2.3 we know that ||¢o||x < C2Eo. Since ¢[0](t) = ¢o(¢), by taking
R = 2C3E)y, it yields that, for v € Bp,

1 1
lélllx < llgollx + 5llvllx < C2Eo + 5 R = R.
Thus v — ¢[v] is a contraction mapping on Br, and by the fixed point principle there exists a

unique u € Bp satisfying ¢[u] = u, and it is the solution to the semilinear problem (1.1) satisfying
the decay estimates (1.3) and (1.4). Thus we complete the proof of Theorem 1.1. O

12



Mao and Wang; ARJOM, 4(4): 1-14, 2017; Article no. ARJOM.33909

Conclusion

In this paper, we studied the semilinear regularity-loss type equation with memory. By the time-
weighted energy estimates and the contracting theorem, we proved the global existence and the
decay estimate, as well as the regularity-loss estimates.
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