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Abstract

The intended purpose of this paper is to associate with a given function y = f(z) whose derivative
admits one to three turning points an infinite number of other functions, called conditional
functions (C'dy),which are related to f in a way similar to that of a bijective function and its
inverse. However, the new application called conditional function is defined for both bijective
and non bijective functions. The composite map of f and its conditional function is called a
transformation , and some applications of these transformations presented in the paper include
amongst others, the determination of analytic solutions for a number of algebraic equations

describing the dynamics of natural phenomena.
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1 Introduction

Injective or one-to-one functions are those such that preimages of elements of the range are unique.
In other words, every element in the range is assigned to exactly one element in the domain.
However, a function is surjective or onto if the range is equal to the codomain. Both injective
and surjective function is a bijective function [1]. Among these functions those whose derivative
admits one to three turning points are numerous. Some of them are elementary functions such
that logarithm, exponential, polynomials...[2]. The elementary functions of a real variable possess
properties that could greatly simplify the mathematical analysis needed to be done on them.
Also, many problems in mathematics deal with elementary functions or even if the functions are
non-elementary, very often the studying of these non-elementary functions leads to elementary
functions. It is also the case for special functions which are numerous with applications in many
branches of sciences. One of the special functions is the series w(z) converging for |z| < 1/e
where w(z) is defined to be a function satisfying W (z)e"V®) = z. In literature, the solutions
of equation ze® = y are expressed by the function Omega (W) which has two branches [3]. It
can also be expressed in terms of tree function T satisfying T'(z)e 7™ = x [4]. In addition,
The glog function bears a strong resemblance to W, possessing similar properties and useful
common applications as enumeration of trees, enzyme kinetics, linear delay equations, combustion,
population growth, spread of disease, and the analysis of algorithms [3][5][6][7]. Several other
cases involve generalized Gaussian noise, solar winds, black holes, general relativity, quantum
chromodynamics, fuel consumption, Stirlings formula for n!, cardiorespiratory control, water-wave
heights in oceanography, enumeration of trees in combinatorics, and statistical mechanics [8][9][10].
However, the field application of these elementary and special functions is limited. For example
the Omega (W), Tree, glog and many other related, functions can not be used to describe the
dynamics of certain natural phenomena such that solution of the equation governing the dilaton
field, from which is derived the metric of the R = T or lineal two-body gravity problem in 1+ 1
dimensions (one spatial dimension and one time dimension)[12]. Another example among others is
the equation (az + b)p*® ¢ + (g + h) = 0[(a,c) € R**, (b,d,g,h) € R* p > 0] whose these special
functions can not be used to finding differents classes of analytic solutions except for the case g = 0.
To overcome this problem, in this study, a given function y = f(z) whose derivative admits one
to three turning points was associated to an infinite number of other functions, called conditional
functions (Cdy),which are related to f in a way similar to that of a bijective function and its inverse.
The new application has many advantages in the fact that all the above previous functions could be
expressed in terms of conditional function. It becomes a unified model to define and characterize
all the functions whose derivative admits zero to three turning points.

Definition 1.1. Let y = g(z), and y = f(z), be a given functions defined in their domain.
Conditional function h = g(z) is an infinite number of function associated to y = f(z) whose
derivative does not have a minimum or maximum or admits one to many turning points, which are
related to f in a way similar to that of a bijective function and its inverse. It is also defined for
both bijective and non bijective functions.

Notation 1.1. The conditional function is denoted g(x) = Cdy¢(x) and read ”Conditional function
of  knowing f(x)”.The composite map of f and its conditional function [f o Cds(x)) = k(z)]
is called a transformation. k(z), an elementary function, is the characteristic of transformation
depending on the properties of f.

Properties 1.2. P1) Conditional function (Cdy) are expressed only from those of a predefined
function f. It may be bijective, one-to-one or onto function; P2) If f is bijective, the conditional
function g(z) = Cds(z) is its inverse(2.1); P3) A transformation associates an infinite number of
functions and depends on the domain, the number of turning points of f.
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The conditional function is applied for a set of algebraic transformations with a potential interest in
the determination of analytic solutions for a number of algebraic equations describing the dynamics
of natural phenomena. Its properties are discussed in this paper.

2 Transformation 0 of Bijective Function

Theorem 2.1. Let f : A — B be a given function. If f is bijective and g : B — A 1is the
inverse of f, then g is also a conditional function where g = Cdy. Analytic solution of y = f(z) is
x = Cdy(y). The composite map of f and its conditional function is a transformation defined by:

foCds(y) =y and Cdyo f(x) =z (2.1)

Proof Let f: A — B be bijective. We will define a function g : B — A as follows. Let y € B.
Since f is surjective, there exists € A such that f(x) = y. Let g(y) = x. Since f is injective, this
is a unique, so g is well-defined. Now we must check that g is the inverse of f. First we will show
that go f =14. Let z € A. Let y = f(z). Then, by definition,

9(y) =z and go f(z) = g(f(x)) = g(y) = = (2:2)
Now we will show that fog=1p. Let y € B. Let z = g(y). Then, by definition,
f(@)=yand fog(y) = flg(y) = f(z) =y (2.3)

In addition, g = C'dy by definition. From (2.2) and (2.3), analytic solution of y = f(z) is x = Cdy(y)
and a transformation is f o Cds(y) =y or Cdyo f(z) ==

3 Applications 1

Let f : R — R such that ze® = y. This function is the product of two elementary functions,
each defined on the real numbers, and each being one-to-one; but the product is not injective.
Consequently, if we restrict the domain to f : R*T — R*T, then ze” will possess an inverse, which
is a function, and it’s this function that is now known as the (principal) Lambert W function [3].
It can be transformed in different ways in this domain by = + Inz = Iny or e’ +t = Iny with
xz = In(t) or t' = e¥ with x = e’ - -- . If we apply (2.2) Cdy(e” + z) = x, Cdy(z + Inz) = Inz...
or 4@ 1 Cdy(x) = z, Cds(z) + In[Cdys(x)] = z... The unique solution expressed by an infinite
number of conditonal function such that in the case of [11] is

x = Cdy(y) = ™) = Cdy (Iny) = In[Cdy(e”)] - - (3.1)

where Wy(y) = Cdp(y) is the first branch of Omega function; p(z) = ze®; f(z) = e” + z; h(z) =
x + Inz and ¢q(z) = 2% are the associated functions.

4 Transformation 1 of Non Bijective Function

Theorem 4.1. Let f : R — [f(¢) + 00) be a given non bijective function whose derivative f/
admits one turning point ¢ with a concave upwards curve. f is associated to an infinite number
of conditional functions, gn = [(Cd)n]f and gm = [(Cd)m]s : R — R, n and m € 1,2,3---. The
composite map of f and its main conditional function [g1 = [(Cd)1]y : ® — R], (n = 1), is the
main or first transformation defined by

fol(Cdnls(z) =2 + f(p) (4.1)
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Two consecutive conditional functions are closed by

[Cdn]f[2] = [Cdnia]f[VIn(z? +1)] and [Cdm]s[x] = [Cdmia]s[V e —1] (4.2)

From (4.1) and (4.2), secondary transformations are

fol(Cd)nls(z) = [el* 1)+ f(p) (4.3)
fo[(Cd)mls(x) = Infin(------ (@ + 1))+ +1)+ 1]+ fle)

The two analytic solutions of y = f(x) are expressed by

(ev—fle) 1y
T1.2 = [Cdm]f(:t ele” Tl — 1)

= [Cdn] (£ In[(In[cco.(infy — f(@) + 1+ 1) + e £ 1]+ 1) + 1))
= [Cdi]s(£Vy — f(¥))

Proof Let f : R — [f(¢) + oo[ be a given function. f is bijective if it is both injective and
surjective. f is injective if V(z1,z2) € 3?2,f(x1) = f(z2) = x1 = x2. In this case f, admits one
turning point ¢, then 3(x1,z2) € 9?2(551 < ¢ < x2) such that f(z1) = f(x2) = x1 # x2. So fis a
non injective function and then non bijective. By definition, f is related to a conditional function
in a way that

foCds(z) =U(x) (4.4)

In that condition, f has two branches f1 : (—oo ¢] — [f(¢) +o0) and fo:[p +o0) —
[f(¢) + co) whose are both bijective because V[z1 € (—oo @] or z2 € [p 4+ 00)], I (y1,y2) €
([f(¢) 4 oo[)? such that y; = fi(21) or y2 = fa(x2), respectively . In addition U (an elementary
function) will have the same domain with f and also one turning point. Assuming that U(z) =
z? + b , if we make a changing of variable U(z) = 2® + b = t, this leads to = +v/t — b and
foCdy|£vi—b) =t

The two reciprocal branches of fi and f» are Cdy, : [f(y¢) + o00) — (—oo ¢] and Cdy, :
[f(¢) +00) —[p +00). For these conditions, b = f(¢) and (4.4) becomes

f o Cdsl/i— (@) =t (4.5)
According to (2.1) and by the way that f has two branches f1 and f2, Cd¢[£+/t — f(p)] of (4.5)

are one of the two branches of the reciprocal function fi and fs.

In addition, from (4.5), Vi(z) =t — f(¢) > 0, it exists an infinite number of in-equations satisfying
t > f(p). If we take the exponential of both sides, the in-equation becomes Va(z) = e!=7*) —1 > 0.
Repeating m time the principle leads to

.(etff(“’)fl),._
V(@)m = e Y10 (4.6)

By definition,

.(etff(ap)fl)f.i

folCdi]f[£Vt — f(p)] = fo[Cda]s[EVet—f¥) — 1] = ...fo[C’dm}f[i\/e(e" T —1]=¢
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Because [Cdp]f[£4/V (z)m] are the inverse of the two branches of f

_(Etff(tp>71>__7
[Cdi]f [/t — F()] = [Cdo] [V et=F) — 1] = ... [Cddu] [\/e<e-' —-1)

if we substitute ¢ — f(go) by 2 the previous equation satisfying (4.2) becomes

[Cdi]s[z] = [Cals[Ver* — 1] = ...[Cdm]f[\/ae‘“(ew ey )

In other way, from (4.5), Vi(z) =t — f(p) > 0. If we take logarithm of the both sides, in-equation
becomes Va(z) = In[t — f(¢) + 1] > 0. Repeating n time the principle leads to

V(z)n = In[(In].....(InJz — f(p) + 1]+ 1) + ...... +1]+1)+1]>0 (4.7)
By definition,

o [Cdi]s[£V/t — o [Cdn]s[EVIn[(In[...(In[x — flp) + 1+ 1)+ ... + 1]+ 1)+ 1]] =
Because [Cdn]f| :i:\/ (z)n] are the inverse of the two branches of f

[Cda]¢[£/t — = ..[Cd]s[EVIn[(In]...(In[z — f(p) + 1+ 1) + ... + 1]+ 1) + 1]]
if we substitute t — f(go) by x? the previous equation satisfying (4.4) becomes
[Cdi)s[x] = [Cda)s[VIn(z? + 1] = ...[Cdn] s [\/In[(In]...(In[z2 + 1] + 1) + ... + 1] + 1) + 1]]

5 Transformation 2 of Non Bijective Function

Theorem 5.1. Let f : R — [f(p1) 2] be a given non bijective function whose derivative f/
admits one turning point p1 with a concave upwards curve. f is associated to an infinite number
of conditional functions, gn = [(Cd)n]s and gm = [(Cd)m]s : R — R, n and m € 1,2,3---. The
composite map of f and its main conditional function [g1 = [(Cd)1]f : R — R], (n = 1), is the
main or first transformation defined by

P
o [Cdi]f(z) = w2 — [p2 — f(p1)]e (5.1)
Two consecutive conditional functions also satisfied relation (4.2). From (5.1) and (4.2), secondary
transformations are

oo
{ Fo[(Cd)als (@) = g2 — [p2 — flp1)]e -1 (5.2)
F o [(Cd)mls(2) = 2 — [ip2 — f(pr)]e™tmnC (G F 1)t 4]

The two analytic solutions of y = f(x) are

22— Ile),
(e Y2 =Y
Ti120 = [Cdm]f(i ele” 1) — 1)

- [C’dn]f(i\/ln[(ln[ ...... (zn[“"z’(’;j{(z’l)] F 1) o 1]+ 1)+ 1))

— [Ca] (i 2121
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Proof Let f : 8 — [f(¢1) 2] be a given function. f is bijective if it is both injective and
surjective. f is injective if V(z1,22) € N2, f(x1) = f(x2) = x1 = x2. For this study, fl admits one
turning point 1, then 3(z1,z2) € 8‘%2(1’1 < 1 < x2) such that f(z1) = f(z2) = x1 #x2. So fisa
non injective function and then non bijective. By definition, f is related to a conditional function
in a way that.

foCds(z) =U(x) (5.3)

Then, f has two branches fi1 : (—oo 1] — [f(p1) 2] and fo : [p1  +00) — [f(e1) 2]
whose are both bijective because Va1 € (—oo 1] or 2 € [p1 +00)), I(y1,92) € ([f(¢1) 2[)?
such that y1 = fi(x1) or y2 = fo(x2), respectively . This imply that from (5.3), z = U~ *(z) and
equation becomes

foCdflU M (z)] =2 (5.4)

According to (5.4), we assume that the inverse of f1 and f2 are such that U™ (x) = £1/—[In(p2 — ) + k]
then

f 0 Cds[y/Tinls — @) + M) = @ and Cdy [/~ [inlps — F(@) + K] = @ (5.5)
For u(z) = £+/—[In(p2 — ) + k], to satisfy the relation f(p1) <z < 2 of (5.5), we must have
w2 —x >0and [In(pz —z) + k] <0

Then, x < @2 (true for hypothesis). In addition, the problem consist in determining k from (5.5)
to obtain © > f(p1). Thus, [In(p2 — z) + k] < 0 leads to,

x> —e "+ 2= fp1) with k = —In(pa — f(1))

By substituting k to (5.5) and taking _$2oT eftz, we get
©2 — f(p1)
fo[Clilslety[—in(Z2 L ms)l = wand fo[Cdils) = ¢2 = [e2 = Se0)le™  (56)

which is the main transformation.

In addition, from (5.6), V(z)1 = ln[(pi;if(:%)] > 0, it exists an infinite number of in-equation
y —

satisfying f(p1) < x < 2. If we take the exponential of both sides, the in-equation becomes

P2 f(p1)
Va(z) =e ¥2—T  —1>0. Repeating m time the principle leads to
2 f(@l)]
(e Y2 —x U
V(@)m = e Y _1>0 (5.7)

By definition,

Bl (CIVE

e P2 —T
fo[Cdi]s[+y /ln[%i(;pl)]} = ...fo[Cdun]s[* e(e"'( ey 1=t
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Because [Cdp]f[£4/V (z)m] are the inverse of the two branches of f

w2 — flp1) \/l"[wz_f(%)]
i [in[ 2Ly _joay x e we—o 1=

P2 -

w2 — f(p1)

if we substitute In[ ] by % the previous equation becomes

[Cdi]s[t] = [Cdas[Ve® —1] = ...[Cldm] s [\/ (6~"(Et271)_'*'<71) 1

In other way, from (4.5), Vi(z) = ln[w(pi{((’tm)] > 0. If we take logarithm of the both sides,
22101
(2

in-equation becomes Vz(x) = In + 1] > 0. Repeating n time the principle leads to

V(z)n = ln[(ln[(ln[ln[%{ﬁ?)] +1+1)+...+1]+1)+1]>0 (5.8)

By definition,

folCdu]s [+ zn[%{(;‘“)]] _ ...fo[C’dn}f[:t\/ln[(ln[...(ln[ln[W] P+ D) 4o 1]+ 1) 1] =

Because [Cdy,]f[£+/V (x)n] are the inverse of the two branches of f

[Cdi]f[£ ln[Lf(%)]] = ...[Cdn]f[i\/ln[(ln[...(ln[ln[mm{(?)] +1]+1)+ ... +1]+1)+1]]

p2 —t

if we substitute In| ] by z2 the previous equation becomes

w2 — [(p1)
w2 —Y

[Cdis[a] = [Cda] s [V/n(22 + 1] = ..[Cdu) [/ In[(n] o (ine + 1]+ 1) + o+ 1] + 1) + 1]

6 Transformation 3 of Non Bijective Function

Theorem 6.1. Let f : R —|p1  f(p2)] be a given non bijective function whose derivative f/
admits one turning point po with a concave downwards curve. f is associated to an infinite number
of conditional functions, gn = [(Cd)n]s and gm = [(Cd)m]s : R — R, n and m € 1,2,3---. The
composite map of f and its main conditional function [g1 = [(Cd)1]y : ® — R], (n = 1), is the
main or first transformation expressed by

Fol(Cd)l(x) = o1 + [f(p2) —prle ™™ (6.1)

Two consecutive conditional functions also satisfied relation (4.2). The secondary transformations
deduced from (6.1) and (4.2) are

oo
{ £ o [(Cdals (&) = @1 + [F(2) — rle " -1 6.2)
1 0 [(C)mls (@) = p1 + [ (p2) — e mnan(a )4t 4]
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The two analytic solutions of y = f(x) are

|
Q
&
2.
=
H_
e
=,
=l
B
=
%
N
N
=
+
+
=
+
=
+
=

— [Ca] (i 2=

Proof Let f : ® —]p1 f(p2)] be a given function. f, admits one turning point p2,with a concave
downwards curve, and is a non bijective function as proved for the previous function. By definition,
f is related to a conditional function in a way that

foCds(z) =U(x) (6.3)

In that condition, U (an elementary function) will have the same domain with f and also one
turning point. So, f has also two branches f; and f2 whose are both bijective. This imply that
from (6.3), = U~ *(z) and equation becomes

foCdflU M (z)] =2 (6.4)

According to (6.4), we assume that the inverse of f1 and f2 are such that U™ (x) = £1/—[In(z — ¢1) + k]
then

fol[Cdils[=v/~[In(z — ¢1) + k]| = = and [Cda] s [£/~[In(f(z) — ¢1) + K] = = (6.5)
Let U™ (z) = £1/—[In(z — ¢1) + k], to satisfy the relation 1 < x < f(p2) of (6.5), we must have
xz— 1 >0and [In(z —p1)+ k] <0

Then, x > ¢1 (true for hypothesis). In addition, the problem consist in determining k from (6.5)
to obtain z < f(¢2). Thus, In(z — ¢1) + k < 0 leads to,

2 <e "+ 1= f(p2) with k = —In(f(2) — ¢1)

By substituting k to (6.5) and taking f(x%;(pl = etz, we get
o [0d] ey [ P2 — g and fo [0l = o1+ [Fgn) —pile ™ (66)

T — P1

which is the main transformation. Many other infinite functions are related to f and are also proved
as in the case of transformation 2.

7 Transformation 4 of Non Bijective Function

Theorem 7.1. Let f : R — (—o0  f(p)] be a given non bijective function whose derivative f/
admits one turning point @ with a concave downwards curve. f is associated to an infinite number
of conditional functions, gn = [(Cd)n]s and gm = [(Cd)m]s : R — R, n and m € 1,2,3---. The
composite map of f and its main conditional function [g1 = [(Cd)1]y : ® — R], (n = 1), is the
main transformation expressed by

fol(Cdnls(z) = flp) —a (7.1)
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Two consecutive conditional functions also satisfied relation (4.2). The secondary transformations
deduced from (7.1) and (4.2) are

e
fol(Cdynls(x) = flp) +1—el® - (7.2)
fol(Cd)mls(x) = f(p) —Infin(------ (In(@® +1)) 4 +1)+1]

The two analytic solutions of y = f(x) are

(ef@)—y_1y_

T1.2 = [Cdm]f(:l:\/e(e" T )
= [Cdu] (EVI[(In].....(In[f(9) + 1 = y] + 1) + oo £ 1+ 1) + 1)
= [Cdi] (£ () —v)

Proof Let f : ® — (—oco  f(¢)] be a given function. f admits one turning point ¢, with a
concave downwards curve, then 3(z1,z2) € R (21 < ¢ < 2) such that f(z1) = f(z2) = x1 # 2.
So f is a non bijective function. Since, f has two branches fi and fo whose are both bijective
because V[z1 € (—oo @] or z2 € [+ 00)], M(y1,v2) € ([f(p) + oo)? such that y1 = fi(z1)
or y2 = fa(x2), respectively . In addition U and f have the same domain and one turning point
each. Assuming that U(z) = —z? 4 b is a polynomial function, if we make a changing of variable

U(z) = —x® + b =t, this leads to z = /b — t and fo Cdy[+vVb—t] =1t

The two reciprocal branches of fi and f are Cdy, : (—c0 f(p)] — (=00 ] and Cdy, :
(=00 f(p] — [¢ + o0). For these conditions, b = f(¢) and

foCds[+V/f(p) —t] =t (7.3)

According to (2.1) and by the way that f has two branches fi and f2, Cds[£+/f(¢) —t] of (7.3)
are one of the two branches of the reciprocal function of f; and fa.

In addition, from (7.3), Vi(z) = f(¢) —t > 0, it exists an infinite number of in-equation satisfying
t < f(p). If we take the exponential or the logarithm of both sides, the in-equation becomes
Va(z) = e/~ —1 >0 or Va(z) = In(f(p) —t + 1) > 0, respectively. Repeating m or n time the
principle leads to Vi, (x) and Vi, (x) as in the case of transformation 1 and finally to

[Cdi]flz] = [Cd2]f[V/In(z? + 1] = 4..[Odn]f[\/ln[(ln[...(ln[$2 +1+ D)+ . +1]+1)+1]]

with [Cdn]f[E£y/V(2)m] and [Cdyn]f[£+/V (z)n] expressed in term of inverses of the two branches
of f

8 Applications 2

Example 8.1. Given (ax + b)p<cz+d) + gz =y, the changing of variable leads to
t b

te' +nt =Y with x = - = (8.1)
cnp a
The determinant (n) is
(be/a)—d
n= WT with Y = [(y + bf)?]p“”/”*d (8.2)
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Contrary to the conditional function, analytic solutions of the reduced form tet +nt =Y and its
conjugate te' —nt =Y are partially expressed by the Omega function whenn = 0. The generalisation
belongs to the different classes of functions deriving from the conditional function.

{ fn(t) =te' +nt, forn=0,n>1/e,n=1/e*,0<n < 1/eand n <0 (8.3)

fa(t) =te —nt, forn=0,n< —1/e*,n=—1/e?,~1/e?* <n <0, andn > 0

(i) Ifn=0, and 0 <Y < +oo, then fo(t) = fo(t). From (2.1), Cdy,, (Y)ecalf01 ™) =y where
Cdy,, = Wo, is the first branch of Omega function and t = Cdy, (Y). Final solution is

expressed
weinp. (2 —a)
ye)inp, (==
Cdy, ([ Ipa )
x = a - = (8.4)
clnp a

-1
(4) If n =0, and (7 <Y < 0= 2 and x < 0), the derivative (t + 1)e' cancel att = —1. By

(5.2), Cdy,, (V) 02"
Then,

) =Y where Cdy,, = Wo, is the second branch of Omega function.

ti,2 = Wo,(Y)
=l (/T FT )
= —Cdy, (v =[In(=Y) +1])
_ ¢Clag, (/= [In(=¥)+1])
with h(t) = te'; k(t) =t — Int, g(t) = e' —t. We noticed that Wo,(0) is not defined in R as
described by [3]

(iii) Ifn <0, and —2n +nfe~Cdalnl=nel) 4 (Cdg(nl=nel] <y < 4 oo the derivative (t+1)et =n
cancel at t = ¢ @901 tnl=neD _ 1. Using (4.1),

Cdfn (Y)(SCdf" (Y) + TL) — Y2 — o+ n[e—Cdg(ln[—ne]) + eCdg(ln[—ne])] (85)

(with t = Cdy, (Y)). The two final solutions are

be
——d
Cdfn(i\/[(y + %9) Py ™D 1 9 — nje-Cdainl=nel) 4 ¢Cdglini=ne)])

a
= —— (86
v clnp a (8.6)

(iv) If n > 1/, and Y € R, the derivative (t + 1)e’ = n is strictly positive in a set R. From
(2.1), Cdy, (Y)(e€4n ) 4n) =Y (with t = Cdy, (Y)). The final solution is expressed

be
bg . clnp, (——d)
Cdy, ((y+ D)=L a "),
T = - =
clnp a

(8.7)

(w) Ifn=1/¢%, and Y € R, the derivative (t + 1)e’ = n cancel at t = 1 is strictly positive in a
set & and there is an inflexion point at x = —2; then (2.1) is applied.

(vi) If0<n < 1/e?, and Y € R, the derivative (t + 1)e’ = n cancel at

ECd'q”' (£4/—In[—ne?]) 1.

t12 =12 = —

10
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By applying (9.19), there are three sub classes which should be defined in the next section.

f;(@l) —e
Cdy, (V)(e94m ) pny=¢ ¢+ J;"(W) (8.8)
y3 + §[f(§02) _ f((Pl)]l/BY + f((p2) ; f((Pl)
Remark 8.2. Given y + In(y) = z = = + iy, the unique solution is y = Cds(x + iy) [(z,y) € R?].
The [4] function was developed and denoted w. It is defined in terms of the Lambert W function as:
w(2) = Wirm(z)—r)/2x)(€”). Wright showed that y = w(2) is the unique solution, when z # x £ im
for z < —1, of the equation y + In(y) = z. Contrary to Cdy, Wright function is not continuous in
the domain. In addition, Wy # 0 is contradictory to the study of [3]. In contrast, Wy(x) approaches
0 when z approaches 0 according to the Lagrange inversion theorem [13]. ze® = 0 at that point
leads to the solution

z=0 (e #0) (8.9)
instead of x = wo(0) =0

Example 8.3. Given p(e t0o+¢) | (dz? + fx + g) = 0 defined in R, with [(a,d) # (0,0)].
(i) a>0andp>1ora<0and0<p<1l: Two reduced forms are

e+ nt+m)> =Y and e’ nim—1)>=Y (8.10)
with
72— ddg (b* — 4ac) J (b — 4ac) ,
Y=-—- =[p da and n = da  (first determinant) (8.11)

4d aln(p) [P
For each of the reduced form, the second determinant is

bd . \/aln(p) bd aln(p)

:(f_g)72d andm:(;—f)iﬂl (8.12)
respectively and
gt b (8.13)
ainp) 20

The two derivatives of reduced forms are 2[15(et2 +n)+nm] and 2[15(et2 +n)—nm] respectively.
They have a same second derivative Y = 2[(1 + 2t2)et2] + n. In these conditions when
n < —1, Y" has two turning points

Cdy(In] &1/2])
pro=+\e 2 U _1/2 (8.14)

P(/L/rticularly when n = —1, Y" has one turning point o1 = 0 and when —1 < n < 0 then
Y > 0. In addition when n > 0, Y > 0.These initial conditions show that generalisation
belongs to different classes of functions

Case 8.1. n <0 and m =0, e’ + n(t)?> =Y and referring to (4.3)

t—i\/Cdg(i\/—};—ln(—i)—l)—ln(—i) (8.15)

11
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Case 8.2. n> 0 and m =0, by applying (2.1) to et 4 n(t)? =Y,

- i\/cczf[% —l—ln(%)] —ln(%) (8.16)

Case 8.3. n >0 andm # 0 and e +n(t+m)? =Y, the derivative of Y is 2[(1+2t2)et2]+
n>0. Then, Y is bijective and Cd,, [15(612 +n)] = Cdg, [-nm] leading to t = Cdg, [—nm]
with ¢ = Cdg, [—nm] which is the turning point of y. Referring to (4.3)

t = Cdfm,.n [i\/y - e[Cdgn[im'n]P - n(Cdgn [_mn] + m)2] (817)

where fm.n = et +n(t+ m)2 and gn = t(et2 +n)
Case 8.4. n >0 and m # 0 and e’ +n(m—t)? =Y, the derivative of y is 2[(1+2t2)et2] +

n>0. Then, Y is bijective and Cd,, [1f(et2 +n)] = Cdg, [nm] leading to t = Cdg, [nm] with
» = Cdyg, [nm] which is the turning point of y. By (4.3),

t = Cd,, ,[21/Y — el mnll? _n(m — Cd,, [m.n])?] (8.18)

where hyn.n = et +n(m — t)2 and g, = t(et2 +n)
Case 8.5. n < —1 and m # 0 and e’ + n(t +m)? =Y, derivatives of Y are
Y =2t +n)+nm] and Y =2[(1 +2t*)e | +n (8.19)

Y" has two turning points

1/2
Cds(In[———
<,01,2_i\/6 rETSTY o Cwith n < —1) (8.20)

*x If —oo < —nm < f;nn(gal),Y/ has one turning point p1 = Cd [ln(f,lnn(cm)) + nm)] and
(4.3) is applied to 'Y

Ccd in(f! —nm)]]?
t:Cdfm,n[i\/Yfe[ o S COTTIE (O (I fpun (1)) — )] + m)?)

s If fron(2) < —nm < +00, Y has one turning point @; = Cdyr [-nm — (o (02)))]
and referring to (4.3),

[Cd,i [—nm—In(f),, (©2))]]2

Fam

t=Cdy,, [i\/ Y e —n(Cdys [nm = In(fpun(2))] +m)?]

x If f,/nn(gol) <—nm < fon (p2), Y’ has three turning points

o =Cdy [Vcos[%arcos([y _ Jam(@1) * frm (02 2k

) s 2kn
2 1 M (o) — Fomloa]) T 3

where

V= 2\/ SUfian(92) = Fran(p1)] 13 andk € {0,1,2)

Transformation 6 is applied and there are three subclasses of solution.
*x If —nm = f;nn(cpz) or —mn = f;nn(cm), Y’ has two turning points. (9.19) is applied and
there are three subclasses of solution.

12
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(ii)

Case 8.6. n < —1 and m # 0 and et +n(m —t)> =Y, the derivative of Y is y' =
Q[t(et2 +n) —nm] and vy’ = 2[(1 + 2t2)et2] +n. Y has also two turning points

nel/?
Cdy(In[-——1) '
pra==x\e 2 —1/2( with n < —1) (8.21)

* If —oo < mm < hlmn(npl),Y/ has one turning point p1 = Cd,/ [ln(h;,m(gol)) —nm)| and
(4.3) is applied to 'Y o
* If h:ﬂn(gog) < nm < 400, Y has one turning point @y = Cd, [nm— ln(h;m(gag)))] and
(4.3) is applied to Y. o

s If hop (p1) <mm < P (p2), Y’ has three turning points

’

pu= Cdyy [Ueoslgarcos((} — P l2UE f(W)]\/[f;m(sal) & (o)) T ) 62

m

where

U= 2\/%[h;m(gp2) — hpm(p1)]Y/3andk € {0,1,2}

Transformation 6 is applied and Y has three subclasses of solutions.

x If nm = h;nn(SOZ) or nm = hlmn(gol), Y’ has two turning points, by (9.3), Y has three
subclasses of solutions.
Case 8.7. n = —1 and m # 0 then

t2

e —(t-m)y’=Y oretz—(m—t)QzY (8.23)

for each function Y = 2[(1+2t2)et2] —1.Y" has one turning point o1 = 0. (9.3) is applied.
Case 8.8. -1 <n <0 andm #0 and

e nt—m)> =Y or e — (m—t)°=Y (8.24)

for each function Y = 2[(1+ 2t2)et2] +n. Y >0 (5.2) is applied.

a<0andp>1ora>0and0<p<1, two reduced forms are

—t? 2 —t? 2
e’ —n(t+m) =Y ande™" —n(m—-1t)"=Y (8.25)
with
b —4 b —4
Y = 7f2 — 4dg [p] : 4a ! and n = 4 [p]% (fist determinant) (8.26)
4d aln(p) '

For each of the reduced form, the second determinant is

- bd ., v/ —aln(p) _bd —aln(p)
=) Ty adm = (= T (8.27)
respectively and
g0 (8.28)
aln(p) 24

13
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The two derivatives of reduced forms are —2[75(67752 + n) + nm| and —2[t(67t2 + n) — nm)|
respectively. They have a same second derivative Y = 2[(2t* — 1)(ft2 —mn] . In these
conditions when —1 < n <0, Y" has two turning points

cd[in( _ne1/2)]
pr2==x\ —e 2 +1/2 (8.29)

Particularly when n = —1, Y" has one turning point p1 = 0 and when n < —1 then Y" >o.
In addition when n >0, Y > 0.These initial conditions show that generalisation belongs to
different classes of functions

Referring to (8.10), (8.25) has also eight cases:

Case 8.9. n >0 and m = 0;

Case 8.10. n <0 and m =0;

Case 8.11. n >0 and m # 0 and et — n(t+m)>=Y;
Case 8.12. n >0 and m # 0 and et - n(m—t)? =Y,
Case 8.13. —1<n <0 andm #0 and et — nt+m)* =Y;
s« If —00 < —nm < frun(01);

* If f;,m(gog) < —nm < 400;

#If Frun(1) < —nm < frun(2);

x If —mm = f,lnn(gog) or —mn = f;,m(gol), Y’ has two turning points. Transformation 5 of
next paragraph is applied and Y has three subclasses of solution.

Case 8.14. -1 <n <0 and m # 0 and et +n(m — t)2 =Y;
* If nm €] — 0o h;,m(gpl)[;

5 If B (p2) < m < +00;

5 If B (1) < 1 < B (19);

x If nm = hlmn(g@) or nm = h;,m(gm);

Case 8.15. n = —1 and m # 0 then

——

e —(t-m)?P=Y or et - (m—1t)°=Y (8.30)
Case 8.16. n < —1 and m # 0 and

_ 2

2 —t2 2
e +nt—-m)"=Y ore" —(m—t)°=Y (8.31)

9 Transformation 5 of a Non Bijective Function

Let f(xz) =y be defined in a set A < R. If f(m)/ has two turning points ¢1 and @2 with o2 > 1
or w2 < 1 depending on the sign of f/ (z) and f(p2) < f(p1) then, —oco < y < f(p2) and

flp2) <y < f(e1) and f(p1) < y < +oo and [y,h] = [f(¢1), f(¢2)]. The function has three
branches.

14
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9.1 First branch of transformation

Theorem 9.1.1. Let f1 : A € R — (—oco  [f(p2)] be a branch of f. fi1 is bijective whose
derivative f{ > 0. fi1 is associated to an infinite number of conditional functions, gn = [(Cd)n]f
and gm = [(Cd)m]f : R — R, n and m € 1,2,3---. The composite map of f1 and its main
conditional function [g1 = [(Cd)1]; : R — R], (n = 1), is the main or first transformation defined
by

fro[(Cd)ls (x) = flp2) —€” (9.1)
Two consecutive conditional functions satisfied the relation
[(Cd)nls(x) = [(Cd)nsa]slnfin(e” +1)] and [(Cd)n]s(x) = [(Cd)ms1]sln(e” —1) (9.2)
From (9.1) and (9.2), secondary transformations are

(ST
fro[(Cd)nl sy (x) = f(p2) — el - (9.3)
fio[(Cd)mls, (2) = flp2) — Infln(------ (In(e® +1)) +----- +1) +1]

The analytic solution of y = f1(x) is

_(ef(¢2)7y71)7_7
& = [(Cd)m] s, [In(e V)
= [(Cd)n]s, In(n[(no..c.(n[f (92) =y + 1] + 1) F oo + 1] + 1) + 1))
= (Cd)1 1, [In(f(#2) = y)]

Proof: Let fi : A € R — (—oo f(p2)[ be bijective. We will define a function Cdy,
(oo flp2)[— A € R . Let y € (—oo f(p2)[- Since f is surjective, there exists x € A
such that fi(z) =y. Let & = (Cd)1y, [In(f(v2) — y)]. Since f is injective, this is a unique, so Cdy,
is well-defined. Now we most check that (Cd)1y, [In(f(p2) — y)] is the inverse of fi. First we will
show that Cdy, o fi = 14. Let z € A. Let y = f(z). Then, by definition,

(Cd)r g, [In(f(p2) —y)l = z and Cdy, o fi(z) = (Cd)rp, [In(f(p2) — fr(z))] == (9.4)
Now we will show that f o Cdy, = 1g. Let y € B. Let z = ¢g(y). Then, by definition,
fi(z) =y and fiog(y) = fi((Cd)ip [In(f(p2) —y)]) = fi(z) =y (9.5)

In addition from f(y2)—y > 0 of (9.4), it exists a set of in-equations satisfying y < f(¢). If we take
the exponential or the logarithm of both sides, the in-equation becomes Vi (z) = ef#2)=v _ 150
or Va(z) = In(f(p2) —y+ 1) > 0, respectively. Repeating m or n time the principle leads to

Va(z) = In[(Inf.....(In[f(p2) —z+ 1] + 1) + ...... +1]+1)+1]>0 (9.6)

_(ef(wz)—mfl)__

Vin(z) = b _1>0 (9.7)

Rearanging the above expression in (9.1) will give the relation between two consecutive conditional
function of (9.2)

Ezample 9.1.2. Given e °® = ag(z—r1)(z—1r2), it expresses the equation governing the dilaton field,

from which is derived the metric of the R=T or lineal two-body gravity problem in 141 dimensions
(one spatial dimension and one time dimension) for the case of unequal (rest) masses, as well as,

15
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the eigenenergies of the quantum-mechanical double-well Dirac delta function model for unequal
charges in one dimension. The reduced form of equation is e’ — nt*> = y(n,t) where

i —(m +7’2)2 [—(r1+r2)c
y=| 1T rirzle 2ag ], (9-8)
—t  (r1+72) ao [—(r1+72)c
=t It ndn = BT T T2C :
z=— + 2ag  andn=ge 2ag ] (9.9)

The generalization resembles the hypergeometric function but it belongs to a different class of
functions (with n > g, n < g and n = g) [12].
Ifn> g, y has two turning points ¢ = Cdj(£+/In(2n) — 1) + In(2n) (with h(t) = e’ — 1),

{ Flpa) = elC—mCR=D+nE] _ piog, (= /In(2n) — 1) + In(2n))?  and (9.10)

f(le) _ e[th(w/ln(2n)71)+ln(2n)] _ n[th( ln(2n) — 1) + ln(2n)]2

In the set —oo < y < f(¢2), the transformation is

eCln® _n[Cdy, (t))? = lOn(CVInEM=DHmED] _piod, (—/In(2n) — 1) + n(2n))* — €* (9.11)

which yields the final and unique solution

—Cdy, [In(e!“ VInCM=DHREM] _ p[0d), (—/In(2n) — 1) 4 In(2n)]* — y)] L (it
Tr =
c 2a0

9.2 Second branch of transformation

Theorem 9.2.1. Let fo : R —]f(¢1) + o0) be a second branch of f. fo is bijective whose

derivative fé > 0. f2 is associated to an infinite number of conditional functions, gn = [(Cd)n]y
and gm = [(Cd)m]f : R — R, n and m € 1,2,3---. The composite map of fo and its main
conditional function [g1 = [(Cd)1]s : R — R], (n = 1), is the main or first transformation defined
by

f2o[(Cd)2]s(z) = fp1) + € (9.12)

Two consecutive conditional functions satisfied the relation of (9.2)

From (9.12) and (9.2), secondary transformations are

f20[(Cd)al gy (@) = fp1) + [ T (9.13)
f2 0 [(Cd)m] sy (2) = f1) +Infin(-- - (In(e® + 1)) +------ +1) +1]
The analytic solution of y = f2(x) is
(ev—Fle)
2 = [(Cd)nl sy [im(e )
= [(Cd)p] sy [In(In[(In]......(InJy — f(e1) + 1]+ 1) + ...... +1]4+ 1) +1])]
= (Cda) g, [In(y — f(1))]

16



Donfagsiteli;, ARJOM, 5(2): 1-25, 2017; Article no. ARJOM.33206

Proof Let fo: A € ® —]f(p1) + o0) be bijective. Based on the previous proof, We will also
define a function Cdy, :]f(¢1) + o00) — A € R and check that (Cd)1s,[In(y — f(¢1))] is the
inverse of f2. In addition we will also show that an infinite number of conditional function are
related to f such that for the previous case

V(@)n = In[(In]......(InJz — f(p2) + 1] + 1) +...... +1]4+1)+1]>0 (9.14)

(emfle1) o1y

V(@)m = e V10 (9.15)
Ezample 9.2.2. Given e™°® = ao(z — r1)(z — r2), if n > g, one of the turning point is
t = Cdn(v/In(2n) — 1) + In(2n) (9.16)

[with h(t) = e* — t], and
1) = lOBWIEI=DHRED] (0, (/In(2n) — 1) + In(2n)]? (9.17)
In the set f(p2) < y < 400, the transformation is
CU2 O p[Cdy, (1)) = e + elCHVIMENDHEN] _ 10, (/In@n) — 1) + In2n)]* (9.18)
which yields the final and unique solution

~Cdp[Infy — @ VIED D] nfCdy (/in(Z) = 1) +in@))] | (r +72)
Tr =

c 2a0

where
—(Tl + 7”2)2
4a0

—(r1 +r2)c
2&0

]

y= + rirge!

9.3 Third branch of transformation

Theorem 9.3.1. Let f3: R —]f(¢2) [f(p1)] be a third branch of f. f3 is non bijective whose
derivative f:; has two turning points. fs is also associated to an infinite number of conditional
functions, gn = [(Cd)n]y and gm = [(Cd)m]s : R — R, n and m € 1,2,3---. The composite map
of f3 and its main conditional function [g1 = [(Cd)1]s : R — R], (n = 1), is the main or first
transformation defined by

fs 0 Cdgla] = 2 + S[f(p2) — f(pn)]/%0 1 L2 LI (9.19)
The three analytic solutions of y = f3(x) are
xp = Cdy, [Vcos[%arcos([% _ 1(e2) Z f(wl)] TN f f(802)}) + %Tﬂ} (9.20)

where

V= 2\/%”(@1) — f(@2)]'/3 and k € {0, 1,2}

17
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Proof: Let f3: A€ R —]f(p2) f(p1)] be a given function. In this case f admits two turning
points @1, @ then I(z1,22) € R (w1 < prorps < x2) such that f(z1) = f(x2) = x1 # x2. So f is
a non injective function and then non bijective. By definition, f is related to a conditional function
in a way that

faoCdyg(x) =U(x) (9.21)

In addition U and f3 have also by definition the same domain with two turning points each.
Assuming that U(x) = x® + px + ¢ is a cubic function, the transformation is expressed by f3 o
Cdy,[z] = 2® 4 px + g, the problem consist in determining p and ¢ to obtain the inverse of f
defined in f(p2) < y < f(¢1). According to the Cardan’s method cited by [14], real solutions of the

equation z° + px 4+ ¢ =t(p < 0, —00 < q < +00) are xx = 24/ %pcos[%arcos(t ; q\/72773) + %TW]
—-p

Then
—p 1 t—q |27 2km..
foCdn[24/ 3 cos[garcos( 5\ / —7173) + - == (9.22)

The relation shows that @ 27 > —1 and (7?;2(1)1/2773 < 1. After expending and by
P

3

2 2
definition, t > ¢ — —— = and t < ¢+ —= = . Resolution of the system
1T e f(e2) S fe1) ¥
yields to
+ 3
g =IO = 3 (5(ea) - (o)) (923)
The transformation is expressed
3 +
foedga] =2 + 2(7(2) — flon)) P 4 L2 IL1) (924

flp2) + fp1)
2
Ezample 9.3.2. Given e~ °® = ao(z — r1)(z — r2), the reduced form of equation is

el —nt® = y(n,t) Ifn > g, y has two turning points ¢t = Cdp(£+/In(2n) — 1) + In(2n) (with
h’(t) = et - t)7

By setting z* + g(f(wg) — flo)Y 3z + = y yields to the three previous solutions

cx

flpa) = elCdn(—+/In(2n)—1)+in(2n)] _ n|Cdp(— /ln(72n) —1)+in(2n)® and (0.25)
f(p1) = elCnWinC=D+nC0] _ picq, (/in(2n) — 1) + In(2n)]? '
In the set f(p2) <y < f(p1), t = Cdy,;(u) thus,
s Oy, (W] = + 2 (f(p2) — floa)) Pt LELEI) (9.26)
The three solutions of equations are
= 2008 | (1) 0o)
where kK =0,1,2
_ 5 /L _ 1 Yy flp2) + flp1) 8 2km
v 2\/2 [Flpr) = J(p2)]!/Peos[garcos([; 4 Wi -t T3 O
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Remark 9.3.3. When y = f(z) with (y,y) = (f(p1), f(¢2)), the equation has two solutions and
the first one is (¢1, @2) respectively. The second one is deduced from relation (x — ¢1)[R(z)] =

fz) -

flp1) or (z — @2)[P(x)] = f(x) — f(p2) respectively where R(z) and P(z) are obtained by

dividing f(z) — f(p1) or f(z) — f(p2) by (z — ¢1) and (z — p2), respectively.

10

Transformation 6 of Non Bijective Function

Theorem 10.1. Let f: R — [f(¢1) + o0) be a non bijective function whose derivative f/ has
three turning points p1 < p2 < @3 with a global minimum. f has three branches.

(1)

(i)

(ii)

Let f1 : A€ R — [fi(p1) fi(w2)] be a branch of f. fi is non bijective and associated to
an infinite number of conditional functions, gn = [(Cd)n]y and gm = [(Cd)m]s : R — R,
n and m € 1,2,3---. The composite map of f1 and the two main conditional function
[91,2 = [(Cd)1,2]5 : R — R], (n = 1), are the main or first transformations expressed by

o oy = { filen) + [V (e2) = filen) -2
froCdgq (@) {f1<m>—[ i) — (e — 2 (10

Two consecutive conditional functions also satisfied relation (4.2). Secondary transformations
gotten from (10.1) and (4.2), are expressed like in a case of the transformation 1 and 4 by
the following changing \/f1(@2) — fi(p1) — x> =1t

Solutions of y = f(x) using the main transformation are

Cdp, (£1/~ /v — Iilen) + V/Fi(p2) — Ti(on)
Cdgy (£1/~/Filp2) —y + V/Fi(p2) — Ji(on))

Let fo: A€ R — [fa(ps) f2(p1)] be a branch of f as defined to (5.2). fo is non bijective
and associated to an infinite number of conditional functions. The main transformation is

(10.2)

x1.2.3.4 =

fao Cdyy(z) = folpr) — [foler) — falpa)le ™™ (10.3)

The analytic solutions of y = f(x) from the main transformation are

Ja(e1) —f2(<P3))D

Let fs: A e R — [f(p) + o) be a given non bijective function. fs is associated to an
infinite number of conditional functions, gn = [(Cd)n]; and gm = [(Cd)m]s : R — R, n and
m € 1,2,3---. The composite map of fs and its main conditional function [g1 = [(Cd)1]y :
R — R|, (n=1), is the main or first transformation expressed by

ZTi2 = Cdfz(i\/_[ln( falpr) —y

fso Clyy(2) = =5 + fal2) (10.4)

Two consecutive conditional functions satisfied the relation

cdy, (1) = cd,  (—t (10.5)

1
x In(z2 +1)

From (10.4) and (10.5), secondary transformations are
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f30[(Cd)nlys (z) = [el* T 1)+ fa(a) (10.6)
f3 0 [(Cd)n]gs(x) = Infin(--- - (In(z 2+ 1))+ +1) + 1] + f3(p2)

In addition, analytic solutions of y = f(x) are

1
z1.2 = [edn] g5 ( . )
:I:\/e(e"- BN
1
= [Cdm]s,
(Gl (i\/ln[(ln[ ...... (nly — F(@) + 1+ 1)+ ..on +1]+1)+1])
1
= [Cdy] s (— e
(Gdils (i y — f3(p2)

Let f : R — R be a non bijective function whose derivative f/ has three turning points p1 <
2 < 3 with a global mazximum. f has three branches.

(i) Let f1: A€ R — [fi(p2) [fi(p1)] be a branch of f. f1 is non bijective and associated to
an infinite number of conditional functions, gn = [(Cd)n]f : R — R, n € 1,2,3---. The
composite map of fi and the two main conditional function [g12 = [(Cd)1,2]y : ® — R,
(n =1), are the main or first transformations defined by

. oy = F2) + [V () — [(p2) —2°]
rocunon@ ={ 0 et oD

For each one, right and left Transformations of order n are obtained by substituting n times,
[u(x)]?(u(z) = /flp1) — flp2) — 2?) from the main transformation by @ _ 1 and
In([u(z))? +1), respectively. In addition in order n, 2* of u(x) from the main transformation
is substituted by e — 1 and In(z?® + 1), respectively. Considering the first substitution,
functions are closed to f by the equations

{ fol(Cd)nls(x) = f(p2) +U (10.8)
fol(Cd)nln(z) = f(p1) —U
where
(e -
(VIR Co1) = T (o) FUF D+ FAF D 1] - el Tty
U =[el U]

Solutions of y = f(x) using the main transformation are

Cdy, (£1/~/Flp1) — 5 + /T(or) — 1(22))

(10.9)
Cdg, (£1/ /5 — T(22) + /Fon) — F(72))

T1.2.3.4 =
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(i3) Let fo: A€ R — [fa(v1) fa(ps)| be a branch of f as defined to (5.2). fa is non bijective
and associated to an infinite number of conditional functions. The main transformation is

foCdp,(x) = f(1) + [f(3) — flgn)]e™™ (10.10)

The analytic solutions of y = f(z) are

T1.2 = Cdfg(:t\/ln[f(sDS)_M])

y— f(e1)
(i) Let fs : A € R —] — oo f(p2)[ be a given non bijective function. fs is associated to
an infinite number of conditional functions, g, = [(Cd)n]f : R — R, n € 1,2,3---. The

composite map of f3 and its main conditional function [g1 = [(Cd)1]y : R — R], (n =1), is
the main or first transformation expressed by

f o Cly, () = fip2) — — (10.11)

xr2

Two consecutive conditional functions satisfied the relation of (10.5). Secondary transformations
deduced from (10.11) and (10.5) are

(e ~—1)_
fol(Cdyuls(x) = flp2) — el B (10.12)
fol(Cd)nls(z) = flp2) — Infln(------ (In(z™2 + 1))+ +1)+1]
The analytic solutions of y = f(z) are
1
1.2 = [cdn
[ }f(i\/e(e.-‘(ef(W)_yl)‘—-___1) ] 1)
1
= [Cd,
[ ]f(:lz\/ln[(ln[ ...... Unlf(p2) -yt 0+ D)+t 1)+ 1])
1
=Cd¢(——
e =

Proof: Let fi: A€ R — [fi(p1) fi(p2)] be a branch of f. In this case f{ admits three turning
points ¢1, p2 and ¢3. Then 3(z1,z2) € R2 (z1 < 1 or @2 or @3 < x2) such that f(z1) = f(x2) =
X1 # x2. So f is a non injective function and then non bijective. By definition, f; is related to a
conditional function in a way that

fioCdyg, (z) =U(x) (10.13)

In that condition, f; has four reciprocal functions defined in the domain [fi(p1) fi(p2)] whose
are both bijective because V[(x1, z2, z3,24) € [fi(w1)  fi(p2)]*], 3(y1,y2, y3, ya) in their reciprocal
set such that y1 = fi(z1), y2 = fa(z2), ys = f1(z3) and ya = f1(z4), respectively .

In addition U and f; by definition have the same domain with three turning points each. Assuming
that U(z) = z* 4+ pa? 4 ¢ is a quartic function, the transformation is expressed by fi o Cdy, [z] =
z* 4+ pz? + ¢. A changing of variable z* + pz? + ¢ = ¢t with p = 2k and p = 2k; leads to two cases.
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T = :f:\/f[:l:\/k2 —g+t+k]and z2 = i\/*[ﬁ:\/k% —q—1t+ki] (10.14)

So (10.13) becomes

fio C’dfl(i\/—[i\/lﬁ —qg+t+k])=tand f1o0 Cdfl(i\/—[i,/kf —g—t+k]) =t (10.15)

So, to satisfy conditions f(y1) >t < f(p2) of (10.15) we must have

E—q—t>0and [\/k? —q—t+k] <0 (10.16)

t+k>—q>0and [\/t+kZ—q+k] <0 (10.17)

From these conditions, ¢t < kf — ¢ = fi(p2) with ¢ = —fi(¢1) and t > —k*> + ¢ = fi(p1) with
q= fi(p2).

In addition,

In the two cases,
k=ki=—Vfi(e2) — fi(e1)
By taking \/fl(@z) —t— \/fl(‘Pz) — f1(p1) = —2* and \/t_ filer) — \/f1(<p2) — (o) = 2%,

we obtain

{ fiog(x) = fi(p2) — [V fi(p2) — filpr) — 2?2 (10.18)
froh(x) = filpr) + [V Fil(p2) — fi(pr) — 22 :

From (10.18), if \/f(¢2) — f(¢1)—t* = x, we get transformations 1 and 4 and can apply the relation
(4.2), (4.3) and (7.2) In the case where the curve is concave downwards,the same method is used to

satisfy relation f(¢3) <z < f(p1)

In the set f(p2) < y < 400, according to (2.1) and the fact that f has two branches, Cd;[U(z)] is
the reciprocal function such that

foCdslU(z)] =z or foCdyslz] =U(x)™" (10.19)

then, conditions C'dy € R* and f(p2) < Cds[U(z)] < +oo are verified if

1 -
U(x)” = > + f(p2) and u(x) T (10.20)
where C'd f[ﬁ} are the two branches of reciprocal function. Then
T — P2
1 1

is the main transformation. Many other infinite functions are related to f and proved as in the case
of transformation 1

In the case where the curve has a global maximum,the same method is used to satisfy relation in
the set —co < y < f(p2)

The particularity of that transformation is the using to solve any type of equation respecting our
previous conditions such that quartic functions [12][15]
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2z 3
Example 10.2. Let % — 2e” — :% —2? = f(z) = y. The derivative is y (z) = (% + x)(e” —
x — 2) with (g(z),h(z)) = (e + z,e” — x — 2). The deriative has three turning points ¢1 =
Cdn(—1) = (Cdi)n(—/In(2)) = —1.84168719 < @y = Cdy(0) = —0.56714329 < @3 = Cdn(1) =
(Cdi)n(1/In(2)) = 1.14619322 with a concave upwards curve.

If f[Cdn(=1)] <y < fICdg(0)], fICdn(=1)] <y < f[Cdg(0)], f[Cdn(1)] <y < f[Cdn(—1)] and

flCdg(0)] < y < +00, the solutions of equations using mains transformations are

Cdg, (£1/~/TIC4, 0] — y + /T[T, (0] — JICdn(—1))
Cdy, (1) /5 — O (D) + /T(C,(0) — [(Cdn(-1)))

B a1 (10.22)
chn (i\/_[ln(f[th(—lh)] = Ca)”
Cdpy(— et )
V/y — flCdy(0)]
respectively,

11 Numerical Evaluation of Conditional Function

Many methods of numerical evaluation have been developed. For each given function (f), an
algebraic transformation is established. The conditional function (C'dy) may be easily approximated
using Newton’s method [16]. It consists in defining a series u(n11) = g(un) that converge to x¢ and
where

f(@) (11.1)
7(@)

With successive approximations, some values of conditional function are resumed in the Table 1.
For example

zo < g(z) <z and g(z) =z —

{ X1 = Cdp(1) = In[Cdy(1)] = In[-Wo(—e?)] = 1.14619322 - -- (11.2)

Xo = Cdp(—1) = In[Cdy(—1)] = In[-W_1(—e"?)] = —1.84168719 - --
are solutions of equation e* — X = 2 with F(X) = e¢* — X and g(X) = X — InX. In addition,

eClr() — _Wy(—e~?) = 3.146193221 - --

X = Cdy(1) Cdp(~1) —2 (11.3)
e = —-W_1(—e"?) =0.158594339 - --

Xa = Cdy(—1)

are solutions of equation X — InX = 2 with F(X) =e* — X and g(X) = X — InX (Table 1).
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Table 1. Some remarkable and usual values of the conditional function

Reduced function Values of C'd Values of Cd
fl@)=e"+x Cd(0) = —0.56714329 Cds(—2) = —2.120028239
flz)=€e"+z Cds(1) =0 Cdg(—1+im) =im
fl@)=¢" +x Cd;(2) = 0.44285440 Cds(e™ +n) =
flx)y=e" +x Cdy(—1) = —1.278464543 Cds(n) ~n (n < —20)
flx)y=e"+x | Cds(—19) = —19.00000001 Cdg(n) = In(n) (n > )
glz)=¢€" —x Cdy(0) =0 [Cdi1]4(0) =0
glz)=¢® —x Cdy(1) = 1.14619322 eCdaED — Cd o (i)

g(z) =€ —zx Cdg(—1) = —1.84168719 :t\/ln dg(+i) = Cdp(—1)
glx)=e" —x Cdy(—2) = —4.993253432 elCdl; <i” [Cdl] (&i) = é
h(z) = ze® Cdj(0) = impossible in # Cdp(—Inaj/a) = —lna (1/e < a <e)
h(z) = ze® Cdn(e) =1 Cdy (1) = 0.56714329
h(z) = ze® Cdn(—1/e) = —1 Cdn(—1) = —0.31813 — 1.3372i
h(z) = ze® Cdp(—7/2) = (w/2)i Cd;, (0) = impossible in R

k(z) =z — In(x) Cdi(0) = [Cd1]k(0) =1

k(z) =z — in(z) Cdx(1) = 3.146193221 [Cdi]x(1) = 4.138651946

k(z) =z — in(z) Cdy(2) = 6.936847406 [Cd1]x(2) = 58.67007991

k(z) =z —in(z) | Cdx(—1) = 0.158594339 [Cdi](—1) = 0.070831586

k@) =2 —In(z) | Cde(—2) = 0.006783381 (Cdae () — In[[Cdu] ()] = é

k(z) =z — In(x) Cdy, (%) = In[Cdy (£i)) Cdk(j:i) = [Cd1]k(£VINO)

v(z) = Cd()fo dy(£iV/2) = £y/7i
v(z) = e Cdy +/In dy (i) = £1/In(0)
v(z) = [Cdl]v( )=n Cdu(:t0.7943527611) =

12 Concluding Remarks

We noted that properties of conditional function and different related transformations are numerous
and might be applied to dynamics of natural phenomena. Most of the functions usually used such
that logarithm, exponential, Omega... can be expressed in terms of the conditional function. It is
useful to implement the conditional function in a software. In addition, conditional function might
be associated to any other function whose derivative admits more than three turning points. A
transformation which is the composite map of f and its conditional function should be extended to
the complex plane.
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