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Abstract

In this paper, we study electromagnetic (EM) wave scattering problem by
many small impedance bodies. A numerical method for solving this problem
is presented. The problem is solved under the physical assumptions ka <1,
where a is the characteristic size of the bodies and & is the wave number. This
problem is solved asymptotically and numerical experiments are provided to
illustrate the idea of the method. Error estimate for the asymptotic solution is
also discussed.
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1. Introduction

Electromagnetic scattering is the effect caused by EM waves such as light or ra-
dio waves hitting an object. The waves will then be scattered and the scattered
field contains useful information about the object, see [1] [2] [3]. Electromag-
netic scattering happens in many situations, for example, sun light scattered by
atmosphere, radio waves scattered by buildings or planes, and so on. The study
of EM wave scattering is of great interest and importance since it helps advance
many different fields ranging from Medical Technology to Computer Engineer-
ing, Geophysics, Photonics, and Military Technology, see [2] [4]. Unfortunately,
most wave equations cannot be solved analytically to get an exact solution.
Therefore, numerical methods are sought to approximate the solution asymp-
totically. Unlike solving scalar wave scattering problem [5] [6], solving EM wave

scattering is much more complicated and computationally expensive due to the
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vector nature of EM waves.

In [7] and [8], a theory for solving electromagnetic wave scattering problem
by many small perfectly conducting and impedance bodies was developed. In [9]
[10], numerical methods for solving EM wave scattering by one and many small
perfectly conducting bodies are presented. In this paper, we focus on EM wave
scattering by many small impedance bodies. A numerical method for solving
this problem, based on the above theory, is described and tested. The problem is
solved under the assumptions that the characteristic size a of the bodies is much

2-K

smaller than the distance d between neighboring bodies, d :O(a3J where

KE[O,].), and this distance d is much less than the wave length 4, ka <1
where kis the wave number. The distribution of these small bodies is assumed to

follow this law

N(A)= aik [N()&[L+0(1)], a0, (1)

in which A is an arbitrary open subset of the domain Q that contains all the
small bodies, N (A) is the number of the small bodies in A, and N is the

distribution function of the bodies
N(x)20, N(x)eC(Q). @)

The boundary impedance of the bodies is of the form ¢ =ha™, where Ais a
continuous function such that Imh>0, and & €[0,1). The function 4 and
constant x can be chosen as desired.

To make the paper self-contained, the theory of EM wave scattering by one
and many small impedance bodies is given in Sections 2 and 3. In Section 4, a
numerical method for solving the EM scattering problem is presented. The
solution of this problem is computed asymptotically and error analysis of the

asymptotic solutions is also provided.

2. Electromagnetic Wave Scattering by One Small
Impedance Body

Let D be a bounded domain of one small body, a be its radius, and S be its
smooth boundary, Se ct” Y € (0,1]. Assume that the dielectric permittivity e
and magnetic permittivity u are constants. Let £ and H denote the electric
field and magnetic field, respectively. E; is the incident field and v, is the
scattered field. The electromagnetic wave scattering by one small impedance
body problem can be stated as follows

VxE =iouH, inD":=R*\D, (3)
VxH =-iweE, inD/ (4)
[N[E.N]]=¢[N,H], Res=0, (5)
E=E, +V, (6)

E, =&, £.a=0, aeS’, (7)
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Vg . 1
—E& —jkv. =0| =|, r:=|x , 8
or £ [rj i ®

where ®>0 is the frequency, k =21/2=a\feu is the wave number, ka <1,
A is the wave length, ¢ is the boundary impedance of the body, and « isa
unit vector that indicates the direction of the incident wave E;. This incident
wave satisfies the relation V-E;=0. The scattered field v_ satisfies the
radiation condition (8). Here, N is the outward pointing unit normal to the
surface S.

It is known from [8] that problem (3)-(8) has a unique solution and its
solution is of the form

ik|x—t
gl

E(x):Eo(x)+VxISg(x,t)J(t)dt, g(xt): 9)

B 47‘[| X— t| ’
where E; is the incident plane wave defined in (7) and J is an unknown
pseudovector. J is assumed to be tangential to $ and can be found from the
impedance boundary condition (5). Here Eis a vector in R® and VXE isa
pseudovector.

Once we have £, from (3) H can be found by the formula
VxE

H=——,
oy

(10)

The asymptotic formula of £when the radius a of the body Dtends to zero is
E(x)=E(x)+[V,9(x%).Q]. (11)

where |x—X|>a,and the point X, is an arbitrary point inside the small body
D, see [8]. So, instead of finding /to get E, we can just find one pseudovector Q

Q=[J(t)dt. (12)

The analytical formula for Q is derived in [8] which can be summed up in the
following theorem.
Theorem 1. One has

= —ﬂrv x E, (13)
o
where
ri=1,-bh, b:(bjm)::ﬁLNj(s)Nm(s)ds, (14)

and |S| is the surface area of S.

Here, 1< j,m<3 correspond to X,Yy,and z coordinatesin R®, I, isa3x
3 identity matrix, and N;,1< j<3 is the j-th component of the outer unit
normal vector to the surface S.

3. Electromagnetic Wave Scattering by Many Small
Impedance Bodies

Now, consider a domain Q containing M small bodies D,, 1<m<M, and
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S,, are their corresponding smooth boundaries. Let D := Ur'::le cQ and D’
be the complement of D in R®. We assume that S =U'r\::lSm eC",ye(01].
We also assume that the dielectric permittivity ¢ and magnetic permittivity u
are constants. Let £ and A denote the electric field and magnetic field,
respectively. E, is the incident field and v is the scattered field. The
electromagnetic wave scattering by many small impedance bodies problem

involves solving the following system

M
VxE=iguH, inD':=R°\D, D:=|JD,, (15)
m=1
VxH =—iweE, inD’, (16)
[N.[E.N]]=¢,[N,H], onsS,, 1<m<M, (17)
E=E,+v, (18)
E0=€eik“'x, E-a=0, aeS’ (19)

where v satisfies the radiation condition (8), @>0 is the frequency, k =2x/1

. 1 . . .
is the wave number, ka <1, a::EmaxmdlamDm, a is a unit vector that

indicates the direction of the incident wave E;, and ¢, is the boundary

impedance of the body D, . These ¢, ’s are given by the following formula

h(X,)
(p=—mt, 0<k<l X,eD,, 1<m<M, (20)
a

where h (X) is a continuous function in a bounded domain Q,

Reh(x)>0, |mg:%zo, 1)

=g, u=4, INQ=R\Q (22)

The distribution of small bodies D

following assumption

n> 1SM<M , in Q satisfies the
1
aZ—Ic

N(A)=

J'AN (x)dx[1+0(1)], a—0, (23)

where N (A) is the number of small bodies in A, A is an arbitrary open
subset of Q,

N(x)=0, N(x)eC(Q) (24)

and K€ [0,1) is the parameter from (20).
From (15) and (16) we have

VxVxE=K’E, k’=o’es, (25)
if u=const. Once we have E, then H can be found from this relation
H=Y*E (26)
oy

From (26) and (25), one can get (16). Thus, we need to find only £ which
satisfies the boundary condition (17). It was proved in [8] that under the
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assumptions (21), the problem (15)-(18) has a unique solution and its solution is

of the form
E(0)=E,(x)+ X Vx|, g(x8)J, (1)t 27)
where
Qu =, Jn(t)dt (28)

When a— 0, the asymptotic solution for the electric field is given by
M
E(x)=Eo(x)+ X[ VO (x%,).Qn ] (29)
m=1

Therefore, instead of finding J, (t),1<mM<M, we can just find Q,. The
analytic formula for Q, is derived in [8] by using formula (13) and replacing

E, in this formula by the effective field E_, acting on the m-th body

S
:—MTmVXEem, 1<m<M. (30)
o

The effective field acting on the m-th body is defined as

M
E. (%) = B (%) + 2. [ Vo (x).Q, | (1)
j#m =Xm
and E,, =E,(X,), X, is a point in D,. When a—0, the effective field
E, (X) is asymptotically equal to the field E (X) in (29) as proved in [8].
From (20), (30), and (31), one gets

ca’™r ¥
where ¢ is a positive constant depending on the shape of the body S,

S,|=ca*, 7,=7:=1,-b,and
[Sal =tk
1
b:(bjn)::mjsmNj(s)Nn(s)ds. (33)

Here, 1< j,n<3 correspondto X,Y,and z coordinatesin R?, I, isa3x
3 identity matrix, and N;, 1< j<3, is the /-th component of the outer unit

normal vector to the surface S, .

4. Numerical Method for Solving EM Scattering Problem by
Many Small Impedance Bodies

Our goal is to find E, in (32). Take curl of (32), set X=X;, and let
A, =VxE,,,wehave

ﬂikzg(xj,xm)rA“hm +(tA - VIVI (XX )| My (34)

lop nxj

Ai=hAj-

where 1< j< M, see [8]. Solving this linear system gives us the curl of E,,
for 1I<m<M.

This linear system can be solved directly using Gaussian elimination method.
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Then E can be computed as follows

aZ*k‘ M

Z[Vg(x,xj)‘Hm oA, }]hj_ (35)

oy jzm

Eem = EOm -
Matrix 7 is of size 3x3 and can be computed as follows
) 2
r.:l3—b:§I3, = (b, ):= |s|I (s)N,,(s)ds. (36)
Let A:=(X,,Y;,Z;) then one can rewrite (34) as

F(i)=X, +Za.,>< +Z ; ,+Zc., 0 (37)

j#i j#i j#i

( ) Y +Zallx +Zb'l J+ZC'J j’ (38)
j#i j#i j#i

( ) Z +Zallx +Zb'l J+ZC'J j (39)
j#i j#i j#i

where by the subscripts X,Y,Z the corresponding coordinates are denoted, e.g.

F() (FX'FY’FZ)() (i)::‘b\)i)and

a; = k*g (i, j)+oxvg(i, j), |D;, (40)

b, :=oyvg(i, ), D;, (41)

¢;=0zVyg (i, j)x D;, (42)

aj =oxvg(i, j)y D;, (43)

by ::[kzg(i, i)+ayva(i, j)y}Dj, (44)

cj =0ozvy(i, j)y D;, (45)

aj =oxvg(i, j),D;, (46)

bj =ayvg(i.j), D;, (47)

c; =[K*g(i.j)+ezvy(i.j), |D;, (48)
in which D, : _2eatt
T3 i

5. Error Analysis

The error of the method presented in Section 4 can be estimated as follows.
From the solution £ of the electromagnetic scattering problem by many small
bodies given in (27)

M
E(x)=E,(x)+ 2 Vx[_g(xt)3,(t)dt, (49)
m=1 m
we can rewrite it as

E(x)=E(x)+ i[VQ(X,Xm),Qm]+iij‘sm[g(x,t) %) |3 (1)dt. (50)
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Comparing this with the asymptotic formula for Ewhen a — 0 given in (29)

E(x)= Eo(x)+§l[Vg(x,xm),Qm], (51)
we have the error of this asymptotic formula s
Error = iVme[g(x,t)—g(x,xm)}Jm(t)dt‘ (52)
e
where d =min |[x-x;| and
Q. ::jSme(t)dt:-%i"'rmeem =-%im|mn, a—>0, (59

because

2
|V[g(x,t)— g (X X, )] :O(%+:—|§+di}, a= mn§x|t— Xl (55)

Thus, to reduce the error, one needs to reduce the quantity ka .

6. Experiments

To illustrate the idea of the method described in 4, consider a domain Q as a

unit cube placed in the first octant such that the origin is one of its vertex. This

domain Q contains M small bodies. The small bodies are particles which are

distributed uniformly in the unit cube. The following physical parameters are

used to solve the problem

o Speed of wave, c=3.0E+10cm/sec.

e Frequency, w=10E+14Hz.

e Wave number, k =2.094395¢ +04cm™.

e Constant xk=009.

e Volume of the domain Q that contains all the particles, |Q| =lcm®.

e Direction of plane wave, « =(1,0,0).

e Vector &€= (0,1,0).

e Function N (X) = Maz"(/ |Q| where M is the total number of particles and a
is the radius of one particle.

e Function h(x)=1.

¢ Function ,u(X) =1.

e The distance between two neighboring particles, d = I/(b —1) cm, where b
is the number of particles on a side of the cube.

e Vector Ay: Ay, i=A(X,)=Vx EO(X)L:xm =V x et

X=Xy

The radius a of the particles is chosen variously so that it satisfies and
dissatisfies the assumption ka <1. The numerical solution to EM wave
scattering problem by many small impedance bodies is computed for M =125

and 1000 particles.
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Table 1 and Figure 1 show the results of solving the electromagnetic wave
scattering problem with M =125 particles, the distance between neighboring
particles is d =2.50E —01 cm, and with different radius a of particles. When
the radius of particles decreases from 1.0E -4 cmto 1.0E -6 cm, the error of
the asymptotic solution decreases rapidly from about 7.07E -08 to 4.46E -12.
Note that when a=1.0E -4 cm, ka>1, which does not satisfy the assumption
ka <1. When Kka <1, the error of the solution is always less than 7.0E —08.

Table 2 and Figure 2 show the results of solving the problem with M =1000
particles, when the distance between neighboring particles is d =1.25E —01
cm, and with different radius a. From Table 2, one can see that the error of the
asymptotic solution is also very small when ka <1, less than 1.13E -06, but
greater than the previous case when M =125 for corresponding a. This time,
the error is also decreasing rather quickly when the radius of the particles
decreases from 1.0E—-4 cm to 1.0E—-6 cm. The small error when ka <1
guarantees that the asymptotic formula (31) for the solution £ is well applicable

under this assumption.

Table 1. Error of the asymptotic solution Ewhen M =125 and d =2.50E-01 cm.

M =125, d =2.50E-01

a 1.00E-04 5.00E-05 1.00E-05 5.00E-06 1.00E-06
Norm of £ 1.12E+01 1.12E+01 1.12E+01 1.12E+01 1.12E+01
Error of £ 7.07E-08 1.65E-08 5.61E-10 1.31E-10 4.46E-12

Table 2. Error of the asymptotic solution £when M =1000 and d =1.25E-01 cm.

M =1000, d =1.25E-01

a 1.00E-04 5.00E-05 1.00E-05 5.00E-06 1.00E-06
Norm of £ 3.16E+01 3.16E+01 3.16E+01 3.16E+01 3.16E+01
Error of £ 1.13E-06 2.63E-07 8.96E-09 2.09E-09 7.11E-11

1.00E-07

1.00E-08 \

1.00E-09 \

1.00E-10 \
1.00E-11 \

N

Error

1.00E-12

1.00E-04 ‘ 5.00E-05 ’ 1.00E-05 ‘ 5.00E-06 ‘ 1.00E-06
a
Errorof E | 7.07E-08 ‘ 1.65E-08 ‘ 561E-10 ‘ 1.31E-10 ‘ 4.46E-12

Figure 1. Error of the asymptotic solution £when M =125 and d =250E-01 cm.
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1.00E-05
1.00E-06 -

1.00E-07 \
1.00E-08 \

1.00E-09 \\
1.00E-10

I

Error

1.00E-11

1.00E-04 ‘ 5.00E-05 ‘ 1.00E-05 | 5.00E-06 ‘ 1.00E-06
a
Erorof E | 1.13E-06 | 2.63E-07 | 8.96E-09 | 209E-09 | 7.11E-11

Figure 2. Error of the asymptotic solution Ewhen M =1000 and d =1.25E-01 cm.

7. Conclusion

In this paper, we present a numerical method for solving EM wave scattering

problem by many small impedance bodies. For illustration, numerical experiments

are also provided. The solution to the EM wave scattering problem can be

computed numerically and asymptotically using the described method, and the

result is highly accurate if the assumption ka <1 is satisfied.
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