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Abstract

In this paper we define pairwise L-closed spaces and study their properties, we obtain several
results concerning pairwise L-closed spaces, and some product theorems. Some examples dealing
with pairwise L-closed spaces are discussed.
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1 Introduction

In mathematics, the notion of bitopological spaces is introduced and studied by J.C Kelly [1]
in 1923, he defined pairwise Hausdorff, pairwise regular, pairwise normal spaces, and obtained
generalizations of several standard results such as Urysohn’s Lemma and Tietze’s extension theorem.

Since then several mathematicians studied various concepts in bitopological spaces which turned to
be an important field in general topology. We use R and N to denote the set of all real and natural
numbers respectively, p- to denote pairwise and Tcoc, Tais, Ts, Tu, T+ to denote cocountable, discrete,
Sorgenfrey, usual and right ray topologies on R or N. Also the 7;-closure of a set A is denoted by
cl;A. Also we study the properties of pairwise L-closed spaces and their relations with other related
concepts.

2 Preliminaries

Definition 2.1: A bitopological space (X, 71, 72) is said to be pairwise L-closed space if each 7i-
Lindelof subset of X is ma-closed and each 7»-Lindelof subset of X is 71-closed.

Definition 2.2: A family F of non empty 71-closed subsets or T2-closed subsets of a bitopological
space (X, T1,72) is called a p-closed family if it contains at least one member Fi and at least one
member~ F5 such that F} is 71-closed proper subset of X and F is 7o-closed proper subset of X. A
family F of non empty subsets of X is 772-closed if every member of F' is 1 -closed or 7»-closed
(see 2.25 [2]).

Definition 2.3: A cover U of a bitopological space (X, 11, 72) is called 7 m2-open cover if UCnuUrm,
and it is called p-open cover for X if it contains at least one non empty member of 7 and at least
one non empty member of 72 (see2.26 [2]).

Definition 2.4: A bitopological space (X, 71, 72) is said to be p-Lindeldf if every p-open cover for X
has a countable subcover. Also X is called s-Lindeldf if every 71 m2-open cover for X has a countable
subcover (see 2.5 [2]).

Definition 2.5: A bitopological space (X, 71, 72) is 71-Lindel6f with respect to 72 if for each 71-open
cover for X there is a countable 7 -open subcover. Now if X is 7 -Lindel6f with respect to 7 and
it is T2-Lindel6f with respect to 71, then X is called B-Lindelof (see 2.6 [2]).

Definition 2.6: A bitopological space (X, 71, 72) is called pairwise T1 if for each pair of distinct
points x,y in X, there exists a 71-neighbourhood U of x and a 72-neighbourhood V' of y such that
zeU,y¢UandyeV,x ¢V (see 2.4 [3]).

Definition 2.7: A bitopological space (X, 71, 72) is called p-HausdorfT if Vz # y in X, there exists a
71-neighbourhood U of z and a 12-neighbourhood V' of y such that € U,y € V, and UNV = ¢(see
2.6 [3]).

Definition 2.8: [4] A bitopological space (X, 71,72) is said to be a pairwise P-space if countable
intersection of T1-open subsets of X is a m2-open subset of X and countable intersection of m2-open
subsets of X is a 7i-open subset of X. A point z € X is called a P-point if the intersection of
countably many 71-neighborhoods of x is a T2-neighborhood of z, and the intersection of countably
many 7o-neighborhoods of z is a 71-neighborhood of z.

Definition 2.9: A bitopological space (X, 71,72) is called second countable if (X, 1) is second
countable and (X, 72) is second countable (see 2.7 [2]).
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Definition 2.10: [2] A bitopological space (X, 71, 72) is called Lindeldf (resp.compact) if it is 71-
Lindelof (resp. Ti-compact) and 72-Lindelof (resp. 71-compact).

Example 2.11: Consider the bitopological space (R,7u,7r) , let A=[0,1], then A is a 7,-closed
subset of R. Furthermore A is 7,-Lindeldf because (R,7,) is Lindel6f. Now A is neither closed nor
open in (R,7,), hence (R,7,7-) is not a pairwise L-closed space.

Proposition 2.12: In a bitopological space (X, 71,72), if every countable subset of X is closed,
then every countable subset is discrete and every compact subset is finite (see 2.1 [3]).

Corollary 2.13: If (X, 71, 72) is a pairwise L-closed space, every countable subset of X is closed,
discrete and every compact subset of X is finite.

Proposition 2.14: Every subspace of a pairwise L-closed space is pairwise L-closed.

Proof: Suppose that (X, 71,72) is a pairwise L-closed space and Y is a subspace of it, let F' be a
71-Lindeldf subset of Y, then F' is a 71- Lindeldf subset of X, hence F' is a 7e-closed subset of X
because X is a pairwise L-closed space. Similarly if we suppose that G is a 71-Lindelof subset of Y,
then G is 72-closed. Thus Y is a pairwise L-closed space.

Corollary 2.15 : If (X, 71,72) is a p-Hausdorff pairwise P-space, then X is a pairwise L-closed
space.

Proof: Let F be a 7i-Lindelof subset of X, let z € X such that x ¢ F. Since (X, 71,72) is p-
Hausedorff, 3 a sequence wy, of Ti-open subsets such that € NZ2;wg, also 3 a sequence vy, of
To-open subsets such that FF C N2, vk, and wx Nvg=¢ Yk € N. X is pairwise P-space, so Npe; wk
is T2-open subset containing x and Ny wi N F = ¢,s0 F' is a m»-closed subset of X. Similarly if we
suppose that G is a 7»-Lindeldf subset of X, we will get that it is 71-closed. Hence X is a pairwise
L-closed space.

Proposition 2.16: Every Lindelof pairwise L-closed bitopological space is a pairwise P-space.

Proof: Let (X, 71,72) be a Lindeldf pairwise L-closed space, let A = N2 ur be a 71-Gs set, then
A is a Te-open subset of X since X — A=X — N2 up= Upe1(X — ug) is a 71-Fy-set, so X — Ais
a 71-Lindel6f subset of X because X is Lindeldf, but X is a pairwise L-closed space, so X — A is
a To-closed subset of X. Hence A is a 72-open subset of X. Similarly, if we suppose that B is a
T2-Ggs-set, we will get that it is a 71-open subset of X. Thus X is a pairwise P-space.

Corollary 2.17: For a p-Hausdorff Lindelof bitopological space (X, 71, 72), X is a pairwise L-closed
space if and only if it is pairwise P-space.

The proof follows from 2.15 and 2.16.

Definition 2.18: In a bitopological space (X, 71, 72), 71 is regular with respect to 2 if Vo € X and
each 7i-closed set F' such that = ¢ F, there exists a 7i-open set U and a 72-open set V such that
z€Uand F €V and UNV=¢.(see 4.3 [1])

Definition 2.19: [1] A bitopological space (X, 71, 72) is called p-regular if 7 is regular with respect
to 72 and 72 is regular with respect to 7.

Definition 2.20: In a bitopological space (X,71,72), a point z € X has a pairwise L-closed
neighborhood U if each 7i-Lindelof subset of U containing x is T2-closed, and each 7-Lindelof
subset of U containing x is 71-closed.

Proposition 2.21: Let (X, 71, 72) be a p-regular space. If every point in X has a pairwise L-closed
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neighborhood, then (X, 71, 72) is pairwise L-closed.

Proof: Let F be a 7i-Lindeldf subset of X, let # € X such that ¢ F. If U is a 71-open subset
containing x, then U is L-closed neighborhood. Since X is p-regular, 3 a 71-open set H such that
x € H CcloH CU and cloH N F is a 11-Lindeldf subset of U, hence clo H N F' is a 12-closed subset
of U. U —(cloHNF) is a T2-open neighborhood of z, so {U — (cloH N F)}NF=¢ is a contradiction.
Hence xz € F' and F is a 12-closed subset of X. Similarly if we assume that G is a m2-Lindel6f subset
of X, by a similar argument we will get hat G is 71-closed. So (X, 71, 72)is a pairwise L-closed space.

Definition 2.22: A space (X, 71, 72) is said to be p-normal if for a 71-closed set C' and a 71-closed
set F' such that C N F' =¢, there exist a m-open set G, a 72-open set V such that F C G, C CV
and V N G=¢.(see 2.18 [5])

Proposition 2.23: A p-regular pairwise L-closed space is p-normal.

Proof: Let (X, 71, 72) be a pairwise L-closed space, let A be a 71-Lindelof subset of X and B be a 7o-
Lindel6f subset of X such that ANB=¢, then A is 2-closed and B is 71-closed because X is pairwise
L-closed. Since (X, 71, 72) is p-regular we have, Va € A,3 a 71-closed subset Fy, and a m2-open subset
Gq such that a € G, C F, C X — B. Now Vb € B,3 a 11-open subset C}, and TQ-CIOEGd subset M
such that b € Cy € My € X — A. Let U={G,:a € A} be a 72-open cover for A and V={C}:b € B}
be a 1i-open cover for B. A and B are 7i-Lindel6f and 12-Lindel6f respectively, so A C U2, G
and B C UzZ,Ck . Let V1=C1 and for each positive integer k > 1, let Vi, = Cy — U";;IIF]-. For each
positive integer k, let Hix = G — U?Zle and V = U2 Vi, , H = U2 Hy , then V is a 7y-open
subset of X and H is a m2-open subset of X. Also A C V, B C H. Furthermore, if z € H NV, then
x € H;NV, for some i,l € N, and so z € (G; — Ui, M;) N (C; — Ué;lle).

Consedering separately the cases ¢ > [ and ¢ < [ yields a contradiction and so H N V=¢. Thus X
is p-normal.

Definition 2.24 : A bitopological space (X, 71,72) is said to be pairwise hereditarily Lindelof if
every Ti-subspace of X is Lindel6f and 72-subspace of X is Lindelof.

Corollary 2.25: For a pairwise hereditary Lindeldf bitopological space (X, 71,72), the following
are equivalent:

a. X is a pairwise L-closed space.
b. X is a countable discrete space.

Proposition 2.26: Every p-regular space which can be represented as a countable union of
subspaces each of which has the pairwise L-closeness property has itself the pairwise L-closeness

property.

Proof: Suppose that X = Uj2, Xy , X is pairwise L-closed subspace.Let A be a 7;-Lindel6f subset
of X, for some k € N, then A is a 7-Lindelof subset of X where X is p-regular. But A is a 7;-closed
subset of X}, because X}, is a pairwise L-closed subspace of X, hence A is a 7j-closed subset of X
Vi,j =1,2 1 # j. Thus X is pairwise L-closed.

Proposition 2.27: In the bitopological space (X, 71,72), the sum ®qoeaXo where X, for some
a € A has a pairwise L-closeness property if and only if all spaces X, have a pairwise L-closeness
property.

Proof: =) Suppose that the sum @qca Xo where X # ¢ for some a € A is pairwise L-closed space,
then X, is a pairwise L-closed subset of ®aecaXa because X, is a closed subspaces of ®aecaXa.
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<=) Suppose that F' is a 7;-Lindelof subset of @aeaXa , then F'N X, is a 7;-Lindelof subset of X, .
But X, is pairwise L-closed, hence F' is a 7j-closed subset of X,Va € A;so F' is a 7j-closed subset
of DaeaXa Va € Aji,j =1,2145# j. Thus @acrXq is pairwise L-closed.

Definition 2.28: [4] A bitopological space (X, 71, 72) is pairwise almost Lindelof if every 7;-open
cover U={uqo: o € A}tof X has a countable subcollection Ur={uq:ax € A1 C A} of Asuch that
X=Uqeaclj uq Vi,j=1,214# j.

Definition 2.29: A bitopological space (X, 71, 72) is called pairwise hereditarily almost Lindelof if
every subspace of X is pairwise almost Lindelof.

Proposition 2.30: If (X, 71, 72) is a pairwise L-closed space, then the following are equivalent:

a. X is pairwise hereditarily almost Lindelof.
b. X is pairwise hereditarily Lindelof .
c. X is countable discrete.

Proof: c—a) Suppose that X is a countable discrete space such that X = UgenF}, Fy is a 7-Lindelof
subset of X. If ﬁ:{ua:a € A} is a 1;-open cover for Fj and ﬁ/:{ua:a € A1 C A}is a countable
subcollection of Awhere u, is a 7;-open subset of X, then Fj C Uaeaiu, . But X is pairwise
L-closed,hence Fy, is 7j-closed, and X = UrenFi C Uaeartta Vi,j = 1,2i # j. Thus X is pairwise
hereditarily almost Lindelof.

Proposition 2.31: Every 7y 72-open cover for a p-regular pairwise L-closed space (X, 71,72) has
locally countable open refinement.

Proof: Suppose that U= {ugz : © € X} is a Ty2-open cover for X. Since X is p-regular, Vz € X,
there exists a T1-open set u, such that © € v, C clovy C u, for some Ti-open set vz. Let {us, :
k € N} be a countable subcover for U. The sets Hy = gy, — (clavz, U clavg,U. .. ) are Ti-open
or Te-open that constitude a 7172-open cover for X. Vr € X we have x € Hk(z) where *@) is the

smallest integer such that x € ug, . {Hy : k € N} refines U and it is locally countable because
Ve, N H; =¢ V5 > k.

3 Product Properties of Pairwise L-closed Spaces

Definition 3.1: If (X, 71, 72) and (Y, 01, 02) are two bitopological spaces, a function f:(X, 71, 72) —
(Y,01,02) is said to be p-continuous if f,:(X, 71) — (Y, 01) is continuous and f,:(X, 72) — (Y, 02) is
continuous.

Proposition 3.2 : Let (X, 71,72) and (Y, 01,02) be two bitoplogical spaces such that (Y, o1, 02) is
a pairwise L-closed space, if £:(X,71,72) — (Y, 01,02) is a p-continuous one to one function, then
(X, 711,72) is a pairwise L-closed space.

Proof: Suppose that £:(X, 71, 72) — (Y, 01,02) is a p-continuous one to one function. Let (Y,01,02)
be a pairwise L-closed space, let F' be a 71-Lindelof subset of X, then f(F) is o2-Lindeldf because f
is a p-continuous function, but (Y, 01, 02) is a pairwise L-closed space, so {(F) is a o2-closed subset
of Y. Now F=f"'(f(F)) is a T2-closed subset of X since f is one to one. Similarly if we suppose
that G is a 7»-Lindeldf subset of X, we will get that it is 72-closed. Hence (X, 71, 72) is pairwise
L-closed.

Definition 3.3: Let (X, 71, 72) and (Y, 01, 02) be two bitopological spaces, a function f: (X, m1,72) —
(Y, 01, 02) is called p-homeomorphism if f is bijection, p-continuous and f~* is p-continuous. (X, 11,72)



Almohor and Hdeib; JAMCS, 30(4): 1-8, 2019; Article no.JAMCS.42120

and (Y, 01,02) are called p-homeomorphic.

Definition 3.4: A function f:(X, 71, 72) — (Y, 01, 02) is called pairwise open if the induced functions
f:(X,m1) = (Y,01) and £,:(X, 72) — (Y, 02) are both open. A function f:(X,7) — (Y, 0) is closed if
it sends closed sets onto closed sets. The function f:(X, 71, 72) — (Y, 01, 02)is called pairwise closed
if the induced functions f,:(X, 1) — (Y, 01) and f,:(X,72)—(Y,02) are both closed (see 2.45 [2]).

Proposition 3.5: Let (X,71,72) be a p-Lindeldf bitopological space, (Y ,01,02) is a pairwise L-closed
space, if f: (X, 71, 72) — (Y, 01,02) is a bijection p-continuous function, then f is p-homeomorphism.

Proof: It suffices to show that f is a pairwise closed function. Let C' be a 7i-closed proper subset
of X, since X is p-Lindeldf, C is a 72-Lindelof subset of X (see 2.29 [2]), hence {(C) is o2-Lindel6f
because f is p-continuous. But (Y, 01, 02) is a pairwise L-closed space,so f(C) is o1-closed. Similarly
if we suppose that F is a 7o-closed proper subset of X, we will get that f(F') is a oz-closed subset
of Y. Hence f is a pairwise closed function and f is p-homeomorphism.

Corollary 3.6: If a p-continuous function from a p-Hausdorff Lindel6f bitopological space to a
pairwise L-closed space is pairwise closed, then every p-continuous bijective function is p-homeo-
morphism.

Proposition 3.7: Pairwise L-closeness property is a bitopological property.

Proof: Let (X,71,72) be a pairwise L-closed space and (Y,01,02) be any bitopological space.
Suppose that h: (X, 71,72) — (Y,01,02) is p-homeomorphism, let A be a 7;-Lindelof subset of
X, then h(A) is o1-Lindelof because h is p-continuous. Since X is a pairwise L-closed space, A is
To-closed, hence h(A) is o2-closed because h is pairwise L-closed. Similarly if we suppose that B is
To-Lindelof, we will get that h(B) is o1-closed. Thus Y is a pairwise L-closed space.

Remark 3.8: The product of two Lindel6f topological spaces need not to be Lindel6f. In general
the product of two Lindel6f bitopological spaces is not necessarly Lindelof as the following example
shows (see 2.21 [2]).

Let X = R x I where I is an interval, let ”{” be the lexicographical order in X. Let 8,={[z,y):
z < y z,y € R}be a base for the lower limit topology (or Sorgenfrey topology) 71 on X and
Bo={(z,y]: * <y z,y € R} be a base for 72 on X, so (X, 71, 72) is a Lindelof bitopological space.
(X x X, 71 X 71,72 X 72) is not (71 X 71)-Lindelo6f because (71 x 71)-closed subspace L={(z, y):x = —y
z,y € R} is not a (11 x 71)-Lindeldf subspace, it is discrete.

Proposition 3.9: If (X, 71, 72) and (Y, 01, 02) are pairwise L-closed bitopological spaces such that
either X or Y is p-regular, then X X Y is a pairwise L-closed space.

Proof: Suppose that (X, 71, 72) and (Y, 01,02) are pairwise L-closed spaces, let Y be p-regular, let
F be a (11 X o1)-Lindeldf subset of X x Y. If (2o,y0) ¢ F, 80 (Zo,¥0) ¢ [({zo} x Y} N F and
({zo} X Y)N Fis a 1o-closed subset of X X Y because Y is pairwise L-closed. Since Y is p-regular,3
a oi-open set H containing y. such that (X x cloH) C {X — ({zo} x Y) N F], so the projection
function 7, ((X X claH) N ({20} X Y) N F) is a To-closed subset of X because 7, is p-continuous.
X —[ma(X X cloH)NF) x Y N (X x H)Jis m2-open neighborhood of (x.,¥y.) disjoint from F', hence
Fis (12 X 02)-closed subset of X x Y. Similarly if we suppose that G is a (72 X o2)-Lindelof subset
of X x Y, then it is a (11 X o1)-closed subset of X X Y. Therefore X X Y is pairwise L-closed.

Proposition 3.10: The product of two finite number of pairwise L-closed p-regular spaces is
pairwise L-closed.
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Proof: Let { Xy : k € N} be a family of finitely many p-regular pairwise L-closed spaces. Let X = X},
, by induction on k, for £ = 2 the result is given by 3.9. Suppose that the result is true for k = n
Vn € N, we want to show that it is true for ¥ = n + 1. Now (X1 X X2 X ... X Xp) X Xnt1
is p-homeomorphic to X; X X2 X ... X X;, X Xp41 , so by induction hypothesis we get that
X1 X Xa X ... x Xy X Xpy1 is pairwise L-closed. Hence X is a pairwise L-closed.

Definition 3.11: A surjective function f:(X,7) — (Y,0) is a Lindelof function if whenever
K is a Lindelsf closed subset of Y, we have f~'(K) is a Lindelof subset of X. A surjective
function f:(X,71,72) — (Y,01,02) is called pairwise Lindeldf function if the induced function
f:(X, 7)) = (Y, 04) is Lindeldf function Vi = 1, 2.

Proposition 3.12: Let (X, 71, 72) be a pairwise L-closed space, and (Y, 01, 02) be a Lindelof space,
then 7, : X X Y — X is a pairwise Lindelof function.

Proof: Let F be a 7i-Lindelof subset of X, then F' is a 7e-closed subset of X because X is
pairwise L-closed. The projection function 7, pxy is pairwise-closed such that (7, pxy I E))
is 71-Lindel6f because m, is p-continuous. Similarly if we suppose that G is T2-Lindelof, we will get
that (7, pxy )~ '(2) is 72-Lindeldf. Hence Lindeldf is a pairwise Lindeldf function.

Proposition 3.13: Let (X, 71, 72) be a pairwise L-closed space and (Y, o1, 02) be any bitopological
space. If f: (X, 71, 7) — (Y,01,02) is any pairwise function and {(z,f(z)) : z € X} is p-Lindeldf,
then f is p-continuous.

Proof: Let 7, and 7y be two projection functions, then X and f(X) are two Lindeldf sets as images of
Lindelof sets under 7, and my,. Let m./ = m,)s , then 7./ is a pairwise closed projection function...(1)
and this is because if A C f(X) is 7i-closed subset, then A is 7;-Lindeléf where f(X) is Lindelof
Vi,j=1,2 i#j. So mx/(A) is p-Lindelof p-closed because X is a pairwise L-closed space. Since f is
defined on X, 7,/ is a bijection function. .. (2). From (1) and (2) we get V1;-open set v Cf we have
7x/(v) is T;-open in X. Hence f =m, o (7,/)"* is p-continuous.

Proposition 3.14: If (X,7,72) and (Y,01,02) are p-Hausdorfl pairwise L-closed spaces, then
(X XY, 71 X 01,72 X 02) is a 73 X 0s-L-closed space Vi=1,2.

Definition 3.15: Let (X,7) be a topological space and A C X. If for every neighborhood U, of
x € X we have |U, N A| = |A|, then z is called a complete accumulation point of A.

Proposition 3.16: If (X, 71, 72)is a pairwise L-closed space and A is a 7;-Lindel6f subset of X such
that |A| = wi Vi=1,2, if x is an accumulation point of A, then x is a complete accumulation point.

Proof: Let A be a 7;-Lindelof subset of X such that |A| = w1, then A is 7;-Lindelof-closed Vi,j=1,2
i#j because X is pairwise L-closed. Let x be an accumulation point of A, hence x € cl;jA = A. Let
O, be a 7;-Lindeldf-neighborhood of x, if we take AN O, — A defined by f(z)=xz , then f is a
p-continuous one to one function. Hence |0, N A| = |A].
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