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Abstract

In this paper discussed and study a new result of non-topetbgraph by using cut vertex and cut efige
component of the graph makes the graph to be Topologizet.dgrags concept implemented to some
families of graph.
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1 Introduction

The topologized graph was introduced by Antoine Vella Tbpological graph theory is a branch of graph
theory. It studies the embedding of graphs in surfaces,abpatibeddings of graphs, and graphs as
topological spaces. It also studies immersions of graphs.Ifitheduce this concept is a graph with cut
vertex of components are topologized. In every vertex and bdgndary [2] are n = 0, 1, 2 a topologized
graph. If the every path and circuit is topologized graphalnbn topologized graph use to some definition
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that graph any single component is topologized. The npaldgized graph components are topologized
graph.

2 Preliminaries

2.1 Topological space

A topology on a set X is a collectiarof a subset of X with the following properties:
» ®@andXare ir.
» The union of the element of any subcollection &f int (arbitrary union).

» The intersection of the element of any finite subcolectfz is int.

The set X for which a topologyhas been specified is called a topological space [3].
2.2 Topologized graph
A topologized graph is a topological space X such that

» Every singleton is open or closed.
» ¥ xeX, 10(X)] < 2, whered(x) is the boundary of a point x [1].

2.3 Cut vertex

Let G be a connected graph .let v be a vertex of G. Thenavcut vertex of G if and only if the vertex
deletion G-v is a vertex cut of G. That is such that disconnected. Thus a cut vertex of G is a singleton
vertex cut of v [4].

2.4 Cut edge

Let G be a connected graph .let e be a edge of G. Tlsea @ut edge of G if and only if the edge deletion G-
e is a edge cut of G. That is such that e is disected. Thus a cut edge of G is a singleton edge cut of v [5]

2.5Vertex deletion

Let G = (V, E) be an (undirected) graph. letW be a set of vertices of G. Then the graph obtained by
deleting W from G denoted by G — W, is the subgraph induged/\Wy/. The vertex deletion separates the
graph into disconnected component [2].

2.6 Edge deletion

Let G = (V, E) be an (undirected) graph. letlV be a set of vertices of G. Then the graph obtained by
deleting F from G denoted by G — F, is the subgraph indug&dW.The edge deletion separates the graph

into disconnected component [5].
27Tree

A tree is a connected graph that contains no cycle.thee, every pair of points is connected by a unique
path [6].
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2.8 Spanning tree

A spanning tree is a subset of graph G. which has@Neértices covered with minimum possible number of
edges [7].

2.9 Fundamental circuit

A graph is formed by vertices and edges connecting thiee® Example: formally, a graph is a pair of sets
(V, E) where v is the set of vertices and E is theoSetlges formed by pairs of vertices [8].

2.10 Prism graph
A prism graph is a graph that has one of the prisms aketston [9].
2.11 Whesl graph

A wheel graph is a graph by connecting a single vetdeall vertices of a cycle. A wheel graph with n
vertices can also be defined as the 1- skeleton of af {mahal pyramid [10].

2.12 Labeling graph

A graph labeling is the assignment of labels, tradiflpmapresented by integers, to the edges or vertices, o
both, of a graph. Likewise, an edge labeling is a fonatf E to a set of labels [11].

3 Main Results

Example 1

The three points (n=3) tree and circuit is a topologized graph.

The following graphsaren=0, 1, 2, 3

b b
1 2 1
] oo .
a a 1 b a < ¢ c 3 a
e G Gs Gy

G; graph boundary is (v, e both are) empty
Since, Ggraph is topologized graph.

G, graph boundaries

a11l={a, b} =2
olal=1
albl=1
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G, graph boundary is 1 or 2, forn2
ie, G graph is topologized.

G; graph boundaries

olll={a,b}=2
0l12l={a,c}=2
ola={1,2}=2
olbl=1
dlcl=1

G; graph is topologized for A2
G, graph is also topologized. Hence the tree and circuit n=8jscdogized graph.

Theorem 3.1

In a Tree with cut vertex the components are topolagizaph.

Proof:
Let Tree be the connected graph that contains no cycle.
By the definition of vertex split into the more vertiéegalled cut vertex.

Take one Tree,

Fig. 1. Treewith six vertices

A Tree with cut vertex split into two componen@ & C,).

Fig. 2. t with Cut vertex
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A vertex C split into the two vertices&nd 6.

The set of components {a, 1, b, 2,3 d} and {e, 4, ¢ 5, f} are topologized graph. if the;@nd G two
components are topologized.

Hence the components are topologized graph.

Example 2

A cut vertex of spanning tree and then the components aregiped graph.

Theorem 3.2

In a spanning tree with four vertices all are not topiakedy Then the all components are topologized.
Proof:

Let a spanning tree with three points. It is topologized.

The spanning tree with four points and all spanningisr@et topologized.

d .C

Fig. 3. S;Spanningtree

The above spanning tree is topologized fern

o
(2]

S
un

a b

Fig. 4. S, Spanning tree
The above spanning tree is not topologized ferah
Boundary i§ (c) ={1, 5,4} =3

ie, A spanning tree is not topologized.
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But, the above spanning tree with cut vertex that seepologized.

a b

di da c

Fig. 5. S, Spanning tree with cut vertex
C, component boundaries are
0 |all =4 =1
oldl =4 =1
ol4l ={a,d} =2
C, component is topologized for<n2
The spanning tree components are topologized.
Otherwise that spanning tree is not topologized.
C, component boundaries are
dlcl =5 =1
o5 ={a, c}=2
Olal=1{51} =2
011 ={ap, b}=2
olbl=1 =1

C, component is topologized, for<n2

C,& C,components are topologized graph.

Hence the n points spanning tree with cut vertex ith@llcomponents are topologized graph.

Theorem 3.3

In a W graph, then spanning tree with fundamental circuit igopmlogized.

Proof:

Let be the some spanning tree is topologized

To prove that, some spanning tree with fundamental ciicuaivt topologized.

Let us take a wheel graph,
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Fig. 6. W5 graph

Some spanning trees with fundamental circuits are

Fig. 7. Spanning tree with fundamental circuit of W5 graph

Add one chord in a spanning tree formed by fundameirtalit.

The above §S, S3spanning tree are form a fundamental circuit. But, alsffgnning tree and fundamental
circuit is not topologized.

If oIxI<2

S spanning tree is topologized. Then, form a fundamental tiscalso topologized graph.
Similar way, $spanning tree is topologized.

If not; 0 Ix| < 2

A Szspanning tree boundarydadx| = {5, 6, 7, 8}. Since if condition is does not satisfied.
Then the spanning treg 8ot topologized graph.

But, a spanning tree with cut vertex and the components are gopeo

Then, $ form a fundamental circuit is not topologized.
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S;boundaries are

ol151={c,e}=2 ola=7=1

016l ={e, b}=2 olbl={6,2}=2
ol71={e,a}=2 olcl={5,2}=2
o0l8l={e,d}=2 oldl=8=1
d121={b,c}=2 dlel={5,6,7,8}=2

Since, 3 is not topologized.
Hence the spanning tree with fundamental circuit is tmgined or not topologized graph.
Remark

In every graph take the more spanning tree but all are naigipetl graph. atleast one spanning tree and
spanning tree with fundamental circuit is topologized. Qtfgsr using cut vertex definition a spanning tree
is topologized.

3.1 Wheel and prism graph with Cut vertex

Let us take a \Wgraph

Fig. 8. W5 graph W5 with cut vertex and cut edge

The W graph components are

Cy={e1,5,,¢1,3,,d1,8:} Cs={d3, 3,, s}

C; ={e;,61,b1,2; C; 55} Cs = {C3, % b3}

Cs={ay, 71,6 8,0, 41} & {b4 13, a4}

Cs={ay, 15, b, 65 €4, 75} Cs ={ag, 4, di}

Take one componef; take another compor@nt
Cy=1{e1,51,¢1,3,,d1,8:} Cs ={d3, 3, ¢4}

The boundaries are The boundaries are

Olel ={8;,5}=2 0I5l ={e,,c}=2 0ldsl =3
olcyd ={51,3}=2 013l ={cy, d}=2 olcl =3
6 |dl| = {311 82} =2 a |82| = {dll el} =2 a |32| = {d31 c4}

1
1
2

C; ¢Cscomponents boundary is one or two is a topologized graph.
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SinceC, ¢Cs components are topologized graph.Simil@slyC; C, Cs C;, Cgare topologized graph.
Hence all the components are topologized graph.

Let us take ¥prism graph

el
Fig. 9. Prism Y graph

A Cut vertex split into the more vertices and also a dgeesplit into the more vertices in the graph.

Va2 Vi

€1

Ci
Fig. 10. Y graph with cut vertex and cut edge

The above prism graph with cut vertex and inside cut eplgarso more components for any component is
topologized graph.

The components are

C1= {V11,€81, V61,651, Va1, €41, V31, €1}
Co={V12,632,Ve2,€71, V51,661, V21, €}
Cs= {V 22,652, V52,651, Va2, €42, Va2, €3}
Cy= {V43,652,Vs3,€72, €9}
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Take one compone,

The boundaries are

0 | Vagl = {€s2,802} = 2 0| €2l ={Vs3 Ve3} = 2
0 | &3l = {Va3 Vs3} = 2 0| Vesl = {e72, &2 = 2
0 | Vsgl = {€s2, €2} = 2 0 legal = {Ve3, Vagt = 2

Other all components also a circuit and the comporev@sy single vertex and edge boundary is 2. If it is a
four components are topologized graph.

If the merged of four components argavid W, graph.

Since wheel and prism graph with cut vertex and cut gdgethe components are topologized graph.

Theorem 3.4

Let G be a wheel graph. If any vertex and an edge of @areut points, then the disconnected components
of the graph are topologized graph.

Theorem 3.5

Let G be a prism graph. If any vertex and an edge of Gareut points, then the disconnected components
of the graph are topologized graph.

3.2 Prism graph with vertex and edge deletion

Take a Fig. 9 ¥graph

Fig. 11. Vertex deletions of prism (Y¢) graph

Vertex deletions of centre vertices are {w, v, A set {v &, v, €3 V3 €} of graph is topologized. The
vertices are {y v, v are formed by one circuit is a topologized graph.

vl ‘-\b Vi
Fig. 12. Edge deletions of prism (Ye) graph

10
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Edge deletions of edges are {e;, e5}. A graph is separated into the two set of graphseyv, e; v e}
and {v; &5 Vs €, Vs &} are topologized. The two set of graph is two differesthponents.

2 V2

! & A

es Fes
. C /
Vs ‘ 1 f.-’r Vs
=T r
.;.-" E'::_,.'r-r
. . ."r. F 4
Cl A" i I||I [ _.-" ‘.'..'_,-"-r .III.‘ C:
' ' .
Vs Viv -.
&l S Vi

Fig. 13. Cut setsof prism (Yg) graph

The cut sets are {es;, &, &} and {e; &, & e}.

A cut set of some edges a graph is disconnected intavtn@dmponents. It is topologized graph. If the
prism graph using cut set with four edges in the two comporsetdopologized. Otherwise graph is
disconnected but the components are not topologized.

4 Conclusion

In this paper, a new result of non-topologized graph by usutgvertex and cut edge deletion in every
component of the graph makes to be Topologized. Then tipd ggantroduced and investigated and this
concept implemented to the family of trees, wheel geamh prism graph. Further it may apply to the other
family of graphs too.
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