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Abstract

r—+ k— 1)!xr+k

We focus on the summation of Z ( ( D1 and express it as simple polynomials and
r—1)!
r=1

find a relation between them.
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1 Introduction

Let N denote the set of positive integers. For n,k € N U {0}, the sum of powers of consecutive
integers,

n

>
r

r=0

was studied by Faulhaber, Fermat, Pascal, Bernoulli, Jacobi, and many other mathematicians.
Recently Sullivan [1], Edwards [2], Scott [3], and Khan [4] have contributed on power sums.
Moreover Gauthier [5] studied sums of the type
n
k_r
raz,
r=0
where n,k > 0 are integers and z is an arbitrary parameter (real or complex). Gauthier obtained
some results for the sums of powers of consecutive integers as a special case.

In this paper we focus on the following power sum

Zi(r(ifz)!l)!x”’“. (1.1)

r=1

d
After defining the differential operator D = xQd—, we obtain some formulae for the summation
x

(1.1), following Gauthier’s method on 3" r*z". More precisely, we deduce

Theorem 1.1. Let n,k € N. Then

n

F=1)! er
> (T(J;f 1)1) o = 2" Py(ain) — a* - ag (a),

r=1

where

k41
Pi(win) =Y a;” (@)
r=1
k k
= —H(n—l—r)m— H(n+r+1)a:2 -
r=1 r=1

(k)

and Py(z;n) is a polynomial of degree k in n, with coefficients a,’; which depend on x.

Theorem 1.2. Let n,k € N. Then

2Pit1(x;n) = (n+ k)xPy(z;n) + DPy(z;n)

and

za™ (@) = kzal? (z) + Dl (2).
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2 Proofs of Theorem 1.1 and Theorem 1.2

Let x # 1 be an arbitrary real or complex parameter, and note the following identity,
1— xn+1

r=0

By k successive applications of the differential operator D = xzd— to both sides of (2.1), we obtain
T

as follows.

Lemma 2.1. Letn € N and k € NU{0}. Then

_ ntl
Dk (%—1), for k =0,
i (T+k— 1)!xr+k o
r—=1 (T - 1)' 1— LE"+1
Dk (7> , for k> 1.

1—=x

. e d
Proof. For k = 0 the summation becomes Eq. (2.1) so it is right. For kK = 1 we take D = xzd— and
x
then

n

D 12" 2" = in zn:xT = Zn:rm”_l = ZTxH_l
1—2 T dr \ 4 N B o .

r=0

We suppose that
n _ | _ ntl
(r+k—-1! .1k DF (1 x ) .

Then

Example 2.2. Let k=1 in Lemma 2.1.

n

” 1 7! 1 1—gt? _ nz™t® — (n 4+ a2 4 22
Z;x -3 e _p( -

r=1

and so if x = 2 then we have
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S w2ttt ="y — 2" 2 (n 4 1) 4 27

r=1

and if ¢ = 3 then we obtain

n

Soresrtt = 3" - 3" (n+1) + 32
- ok .

r=1

In a similar manner, after putting k = 2 in Lemma 2.1, we substitute x = 2 and x = 3, respectively
then we have

Sor(r+1)-27

r=1

=2°{-2"Pn 4+ 2" (n+ 1) + 2" 'n(n +3) = 2"(n + 1) (n + 2) — 2}

and

Z rir+1)-3""2
r=1

3

Proof of Theorem 1.1. We can rewrite Lemma 2.1 as

u (T+k—1)' r+k _ ~k 1—.1‘"+1
Z (r—1)! v =P 1—x

r=1

n+1 1
—pk(Z - Dk
(m — 1) z—1
D L a e —at ) 22
—Dk(—l—:c—m2—$3 )
— Dk (—$n+1 g2 g3 )
—’Dk(—l—I—JSQ—JSS_“')-
Then, since
D (_xn+1 N R ) =—(n+ Dz — (n42)z" — ...
D2 (_xn+1 R R S ) =—(n+1(n+ Z)mn+3

—(n4+2)(n+3)z" " -

k k
- H(n + )" TR H(n +r4 1)z TR L

r=1 r=1
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and

D(—l—x—xz—xs—---):—x2—2$3—3x4—---,
DZ(—l—CL‘—$2—ZE3—“-):—1'2$3—2'3x4—3~4x5—---,
k k
Dk(—l—x—xQ—x3—~~~):—Hrm’k+l—H(r+1)mk+2—---,
r=1 r=1

the Eq. (2.2) becomes

“ (T’+k*1)' r+k

x
— (r=1)!
k
= {— H(n B A H(n +r4+ 1)t }
r=1 r=1
k k
- {— H raftt — H(r + 1)zFt? }
r=1 r=1
k k
2.3
:a:"+k{—H(n+r)x—H(n-i-r—i—l)iﬂz—"'} )
r=1 r=1
k k
_gck{—Hm:—H(r—Fl)xQ— }
r=1 r=1
k+1
="y 0@ =k (@)
r=1

O
Corollary 2.3.
= (r—|—k)!mT+k+1 _D S (r+k—=1)!
1 (r—1)! — (r—1)!
Proof. We note that
"Nk =D! o od SOTF+E=D!
D — 2
2 (r— 1) ¥ r— 1)
r=1 r=1
— 2 — (r+k—1)! k-1
-7 (r—1)! (r+k)
r=1
_ —~ (r+k)! ok
— (r—1)! ’
which completes the proof.
O
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Proof of Theorem 1.2. Using Theorem 1.1 and Corollary 2.3, we can easily know that

xn+k+1pk+1(l“ n) _ :Ek+1a(()k+1)(x)

Z (r+k)! LR
(r—1)!

_ T+k—1 'r+k
_D; (r—1)!

(az"“cPk zn f;ckaék)(x))

(D:r"Jrk) Pi(x;n) + 2" T*DPy(x;n) — (Dwk) a(()k>(ac) — mkDaék)(x)
=(n+ k)a;”+k+1Pk (z;m) + z"FDp, (z5m) — kxk+1aék)(x) — kaaék)(x)

and so

2" Py (zn) — maékH)(x)
= (n+k)z" " Py(2;n) + 2"DPy(2;n) — kma(()k)(:v) - Daék)(x).

This leads that

z" (ycPkH(a:; n) — (n+ k)zPy(z;n) — DPy(z; n))
= :raf)kH)(m) — kxa(()k)(x) — Daék)(x).

The right hand side of the above identity is independent of n but the left hand side has a factor
which grows exponentially with n. Consequently, for the identity to hold for all values of n, with x
fixed but arbitrary, we must have

2Pryi(z;n) — (n+ k)xPy(x;n) — DPy(z;n) =0

and

za™ (@) — kzal? (z) — Dl (z) = 0.

Therefore we conclude that

2Pit1(x;n) = (n+ k)xPy(z;n) + DPy(z;n)

and

zay ™ (@) = kzag” () + Dag” (2).

Example 2.4. Consider the following equation deduced from Theorem 1.2 :

xPy(xz;n) = (n+ D)aPi(x;n) + DPi(z;n). (2.4)
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Then by Eq. (2.3), the left hand side of (2.4) is

2 2
ngacn_m{ Hn+r$_Hn+T+1)x2—"'}
=1 r=1
z{-(n+1)(n+2)z—-(n+2)(n+3)a®—--}
~(n+ D)0 +2)2* — (n+ 2 + )
and the right hand side of (2.4) is

(n+ 1)zPi(x;n) + DPi(z;n)

_(n+1)x{H(n+r)mH(n+r+1)m2~~}

—I—D{—H(n—i—r)m—H(n+r+1)m2—~~~}
=(mn+Dz{-n+1)z—-(n+2)2°— - }+D{-(n+z—(n+2)2> -}
—n+1)%* —(n+1)n+2)2® - +2° {-(n+1)—2(n+2)z—---}

—(n+1)(n+2)z” — (n+2)(n+3)2° —
therefore it is shown to be right. Similarly we have

xPs(x;n) = (n+ 2)xPa(x;n) + DPa(z;n). (2.5)
Then the left hand side of (2.5) is

J:Pg(xgn)—x{—H(n+r)x—H(n+T+1)$2—"'}

=z {-(n+1)n+2)(n+3)z—(n+2)(n+3)(n+4)z> -}
=—(n+1D(n+2)(n+3)z° — (n+2)(n+3)(n+4)z° —
and the right hand side of (2.5) is

(n+ 2)xzP2(z;n) + DP2(z;n)

2
=(n+2)z { H(n—l—rm—Hn—i—r—i—l) }
2 2_
+D{—Hn—|—r Hn+r+1
r=1 r=1

:(n+2)a:{ (n+1)(n+2)x — (n+2)(n + 3)z
+D{-(n+1)(n+2)z - (n+2)(n+3)a” _...}
—(n+1)(n+2) 2= (n+2)°(n+3)2° -
+22 {—(n+1)n+2) -2 +2)(n+3)x —---}
—(n4+1D)(n+2)(n+3)z — (n+2)(n+3)(n+4)z° —

W—/
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Lemma 2.5. Let n,k € N. Then

za,"V (2) = way?,(2) + wka;?, (2) + Da,?, ().

Proof. In advance we define

and a* =0 (2.6)
Now by Theorem 1.1, Theorem 1.2, and (2.6) we have

k42
wz a5V (@)t = @ P (a;n)
= (n+ k)xPx(z;n) + DPr(x;n)
k+1 k+1

=(n+k)x Za(k) n"" +DZa(k) -t
k+1 k+1 k+1
:x{ ak)1 n —|—Zka(k) n” }—!—DZa(k)
1
k+2 k+1 k1
:m{Zag) (z) nft~ 1+Zka(k) n" }—i—DZa(k)
2
k+2 k+2 k+2
:x{ ag)gacnR +Zka(k) n” }—i—DZa(k)

and so

Remark 2.1. If r = 1 in Lemma 2.5 then by (2.6) we obtain

:ca(()kﬂ)(:r) = xa(k)( )+ xkagk)(x) + Da(()k)(:c)
= zkal® (z) + Dal (z),

which confirms Theorem 1.2.

3 Conclusion

Note [6] for more information on power sums. We start this article from the geometric sum
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. R k—1)! o :
and consider the summation E %xrﬂc to express it as simple polynomials. Moreover as
r—1)!

r=1
we can see, Lemma 2.1 enables us to calculate the complex summation easily.
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