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Abstract

The class of Inverse Gaussian distributions is quite commas#yg as a li-time modelin reliability
studies. The books by Chhikara and Folks [1] and Seshddrid@ent extensive discussions on clasgjical
inference for the parameters of Inverse Gaussian distributio
However, in this paper, we switch our attention to findgéedesic equation. We applied two different
algorithms to solve some partial differential equations,reviieese equations originated from the Inverse
Gaussian distribution. As expected, the two algorithmsl yted same result.

Keywords: Darboux theory; differential geometry; geodesic eqoainverse Gaussian distribution; triply
partial differential equation.

M athematical subject classification: 62E99.
1 Introduction

The inverse Gaussian distribution is particularly ini@otr to probabilists and physicists due to its relation to
Brownian motion. Balakrishnan N. and Chen W.W.S. [3] haomapleted the tremendous task of computing
the means, variances and covariances of order statistiedl sample sizes up to twenty five and for many
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choices of the shape parameter. The major reason fiagtak this study is to make use of the tabulated
values of means, variances and covariances of ordéstisgin order to derive the best linear unbiased
estimators of the location and scale parameters based guieteras well as Type-ll censored samples.
Aside from the theoretical issues, the distribution has maoabffer to the practicing statistician in many
important areas of application. For example, the piongeriork of Tweedie [4] used the inverse Gaussian
in a clinical trial study of the effect of a drug on thetfipassage time taken for a jejunal biopsy capsule, on
leaving the stomach, to travel from the pylorus throughdinedenum and into the jejunum. Working in
collaboration with statisticians in the Clinical Can&&search Institute in Liverpool, Tweedie studied the
distribution of survival times in a series of patients viagal been treated for cancer, and fitted the inverse
Gaussian with considerable success. He also found thattiftaormal and Weibull were poor fits. In this
paper, instead of studying all previously stated topicatefést, we switch to a new direction, by finding the
geodesic equation of an inverse Gaussian distribution. \We tweo different algorithms to approach this
purpose, and found that both algorithms reach the same. desséction 2, we list the fundamental tensor
we need for later use. In section 3, we present two aigasito show the process of deriving the required
geodesic equation. In section 4, we repeat some more geteddures on how the fundamental tensor has
been derived. Six Christoffel symbols have been colleicteétie appendix. There are many related books
published in this area of study, including Kass R.HE. das P.W. [5] and Amari S-1 [6].

2 List the Fundamental Tensor

The standard or canonical form of the two-parameterréevéSaussian distribution has the probability
density function given by,

1
- \" 2 \ 2
f(y,uv) (2775/3) exp( 2u2y(y u)?) y>0
1 \Y
Inf(y, u,v) = 5(|n v-In (275%)) - 2y (y-u)y?

3
It is known that, in this form of the distributiotl is the mean andu— is the variance, Furthermore; is
\Y \Y)
the square of the coefficient of variation. From the equatlmove, we derive the metric tensor components
for this distribution as follows,

2 2
E:_E(a Inf(x)):l’ F:_E(a Inf(x)):O’
u’ u3 ovou
2
G:_E(L;(X)):iz
ov 2V

Using the results above, we can easily derive the requirgid temsor metric and Christoffel symbols as
follows:

- 1
Eu——4, EV—?,FU—O, K =0, GU—O,
-1 1
G, =—, EG=———
Vo3 2u’y
1 :i 73 2 :i—o r2 —7_EV:7_V2
1172 2u” 12 26 11" 26~ ¥
rl = u - 1 :i: 1 r2 _GV—;l
22 1279 oy’ 227 5g vy
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3 The Geodesic Equation

One method to find the geodesic equation of the Inverse Gausstidbution is by solving a triply of partial
differential equations given in the appendix (see Struik, &r.JGrey, A [7,8]). We seek its solution as
below. To avoid confusion, we will only index those fornsulhat we will use later, and we will ignore the
others:

d2u 3 du2 1 dudv_

42 2u ds "V dsds )
ﬁ L(du)z 1(dv)2 0 )

d<2 v ds

And the first fundamental form of distance function is given

ds? = EdiP + 2Fdudw+ Gdv?
by v 1
_ 2
=3 du”+— a2 &)

u

It needs only two out of the three equations above to fiadgeodesic equation. We will choose equations
(1) and (3). To simplify the notation, we let

2
du =p, E:% then
ds d¢ ds 4
dp 3 2 pdV_ ()
——-—p-+——=0.
ds 2u v ds

Dividing the equation (4) by p, and integrating on both sidéls mspect to p, we get

dp
ﬁ—i +£ﬂ/:0, Inp-glnu+|nv:C
p 2u v ds 2
3/2 3/2
or np=C+— Inu Inv=InA+In—:InAu
2 Y Y

Where we choose C=In A

3/2
Au = @ or Ads= %
Y, ds u

p =
Square both side, we get

A% =

v2du?
3

©)

u

From equation (3), we see that the first fundamental fidrinverse Gaussian Model is given by:

ds? =L du? + = a2
w3 v
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2, 2
Hence, A2ds? =2V qu2 + A—olv2 (6)
u3 2V

Put (5) and (6) together we get

2 2
T d? ——duz A dv2

2 _ a2 2
or VAV g2 - %dv2 )
By taking the square root of equation (7)

(v- Az)vdu _ +Adv

ul NEY

+du _ +Adv

u - \/Ev\/(v— A%)v

Integrating both sides, we get

3/2d
J. "z J.vw/(v A2)v
or +— J. Adv =B
f 2 RENVEY

Where A, B are arbitrary constants.

Alternatively, we can find the geodesic equationhaf Inverse Gaussian distribution by solving one gdartia
differential equation. This idea originated from Fremshthematician Darboux’s theory. A detailed proof
has been given in Chen [9,10]. From section 2, m@akthat the coefficient of the first fundamental form of
0Z =1 is given by,

2 2
E:_E(a Inf(x)):l’ F:_E(a lnf(x)):(),
au2 w3 ovou
__E(02|nf(x)):i ne=1; L2+ 1 2= 1
N2 2 TP VAP Y

To solve the partial differential equation above, waymse the separable variable method as follows:

By multiple above equatioQu3V, we derived
222+ 2 =1
~r \'%
or u*zZ =v(1-2°z2)= A%,

Break this into two parts, we get
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2
3,2 _ A2 H 2 _
Partl, u®z; = A° implies z{ =—

+
or z, =t—3p/‘2 =AY or z=xoAp 2 =22 (8)
u u
andpart2, v(1-2v?z?) = A?
v— A?
or v-A?2=272 soz2= ~
Jv- A2
_—II 3/2 ©)

The general solution of the geodesic equation condbi@eand (9), hence we get

Applying the Darboux Theory, we finally find that theodesic equation of Inverse Gaussian Distribugon i
given by

Adv

A~ +_+\/_J. 32\, — Az_

Where A and B are arbitrary constants. This resultdssame as the previous one.
4 Deriving the Basic Tensor

The probability density function of two parametefshe Inverse Gaussian distribution is given by

1
f(yu,

p( (y u)?) y>0
Inf(y, u,v) ——(In v-In (2753 )) ——(y-u)?
u’y

From the equation above, we derive the metric teoaaponents for the distribution as follows,

alnf v o (y u) _Vv(y-u)
u 2y ou u 8
0%In f _ v(=3y + 2u)

au? ut
9Inf _ y-u
ovou

anf _ 1 (y-w?® 0°Inf _ -1
ov v 20’y T v 22
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For the next step, we need to find the expectatfothese second order partial derivatives. The answer is
almost straightforward, and we just list them below

2 2 2
aaanfF%’F:‘E(a lnf):O,G:-E(a Inf,_ 1

E=-E -
( ovou ov? 22

5 Conclusion and Remarks

Geodesic equation interested both mathematicianstatistician. The history of geodesic equationiieeg
with John Bernoulli's solution of the problem ofetlshortest distance between two points on a convex
surface in year 1697~ 1698. His answer was thabsicelating plane must always be perpendiculaheo t
tangent plane. The name “geodesic equation” irpiesent meaning is, according to Stackel, due to J.
Liouville, Journal de mathem 9. 1844, p401. Todretinderstand the application in statistics, we usk

the following example. Let us assume the most commed elementary situation as the first course in
elementary statistics. We wish to test the hypashel, v=v, versusH, v # v, with unknown parameter

u. If X;....X, is a random sample of size m from an IG(u,v) itigtion, the maximum likelihood
] - O
estimators arei= X, v =M (see Villarroya and Oller [11]). Then the criticalgion of the Rao

o1
(-2)

XI‘H

distance test is derived to be

C={( Xy X)) (Q<Q) T (Q>Qy)}
whereQzM, Q.= me Ve Qp = mel?z Q1<Q2)

\"
and F(Q)-F(Q,)=1-a, QQ,=m?
UndeI’HO Q"‘X(m_l)

As we can see that Rao distance test is similgetalesic equation.
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Appendix

We list the six well known Christoffel Symbols adléws. For a detailed derivation, see Struik [7]|Grey
(8].

, _ GE,-2FF, +FE, » _ EG,-FE,

I_11_ 2 rlZ_ 2
2(EG-F?) 2(EG-F?)

» _ 2EF,-EE, -FE, . _ 2GF,-GG,-FG,

I_ll_ﬁv I_22_ 2
2(EG-F?) 2(EG-F2)

r1 _ GE,~FG, r2 _ EG,~2FF, +FG,

12~ 2\’ 22 = 2

2(EG-F?2) 2(EG-F?2)

In general, the solution of the geodesic equatepedds upon a pair of partial differential equagias seen
below:

2 2 2
d%u + rll %j + ZF%Z(%O'—VJ + r%z[d_vj =0
ds? ds ds ds ds

2 2
LR 9 orpf W), 2 ) g
ds? ds dsds ds
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