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Abstract

The present paper deals with moving boundary problems by fittiegmoving boundary by an

assumption of the forns(t) = ZCM, m= 2, mis assumed power angl is an unknown. An iterative

algorithm is then developed within the main algorithm to sdee ghases that appear throughout [the
whole process with moving boundaries at each time step as phiBefixed boundaries. A two test
problems are solved using the present method. The result® dioe first test problem were compargd
with previous numerical results based on boundary integratufiation, while the results due to the
second one was compared with available analytical solufiproverall good agreement is obtained for
both two examples compared with the previous numerical magitécal results.
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1 Introduction

Phase change problem is a practical example of moving bgupdatslems and usually highly nonlinear
due to the moving interface conditions [1-3]. Practical engingeproblems are efficiently solved
nowadays only by numerical methods, such as finite differ¢tlcefinite element [5-7] and boundary
elements [8-9]. Boundary integral method is very coreento use for solution of Stefan problems in
which, nodal points are located only on the boundariesvane together with the phase change interface,
this means that, there is no need for any mesh acjunst[10-11]. The present paper deals with moving

boundary problems by fixing the moving boundary by an assumption ombmtnes(t): 2;’{7’?, m=2, Mis
assumed power ang is an unknown. An iterative algorithm is then developed withénrhain algorithm

to solve the phases that appear throughout the whole prodbssiaiing boundaries at each time step as
phases with fixed boundaries. A two test problems areedalging the present method. The results due to
the first test problem were compared with previous numakriesults based on boundary integral
formulation, while the results due to the second one was cothpatte available analytical solution. An
overall good agreement is obtained for both two examples compatiedhe previous numerical and
analytical results.

2 Physical Background and Mathematical For mulation

2.1 Physical background

Melting and solidification are classical types of f8teproblems. Assume that we have a mould of finite
length filled with liquid — in case of melting — and this mibid subjected to cooled air, then solidification
starts appearing while the remaining still liquid and a np.iimerface between the two phases starts
appearing and its position varies with time. Then the main unkiowhis process is to trace the moving
boundary with time. Once the moving boundary becomes known latieae step, then all other unknowns
become easy to found. The problem underhand is classiltihg or solidification Stefan’s problem in
which a new technique to trace the moving boundary is develofihth wnain algorithm to solve such
problems.

2.2 Mathematical formulation

A domain Q consists ofQg-solid phase- and), -liquid phase- representing the overall domain. The
domain is bounded by a boundary while the two phases are separated by a moving inteffacesee
Fig. 1.

The mathematical formulation is as follows:
ou (x,t) .
aiDZUi(x,t)zﬁ, i=s/ 1)
ot
The subscriptd =S, ¢ refer to solid and liquid phases respectively. On thedfiooundary, two boundary
conditions are prescribed:

uxt)=u, OxOFg @

o
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In case ofolidification, we have:

ou(x,t)) _
KS(TJ =q(x,t), Ox O ry, 3)

Or in case oMmelting, we have:
au(x,t) _
K,(T) =q(x,t), Ox O r, )

In equations (2-4) =T 0T, represent the boundary of the don@in The boundary condition (3) or (4)

depends mainly on the type of the problem under consideradio the moving boundary, two boundary
conditions are prescribed:

u(x,t)=u, or u,, OxOF, or T, ®)
Input heat flux - output heat flux = £ oLV, (6)
u(x,0)=u, (7)

Based on the boundary integral formulation for fixed boundaryf@8Jany point the integral equation takes
the following form:

u(&,7)= ju(x,o)u* (&, x7,0)dx+ kﬁu* (&, % 7,t)q(x,t)dxdt- kﬁq* (&, % 7,t)u(x,t)dxdt (8)

0

r

Moving Interfacd

m

Fig. 1. Problem domain
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3 Numerical Iterative Algorithm

In this section, the suggested iterative algorithmiataftom determination the time at which phase change
starts occurring up to the end of the process is showigir2. As it appears, the first part of the developed
algorithm is designed to determine the time at which@lchange starts occurring within a prescribed error
to ensure high accuracy of the computed results.

Thealgorithm in few steps:

1- Assume linear variation between the moving boundary and iedspéth m = 2 in the moving
boundary equation.

2- Assume an initial position and subsequently initial speed.

3- Solve the two phases as fixed boundary problems with predcitiowable error, then two
possible outputs will occur, the first output is an achieset the prescribed error then move to
next time step. The second output is a non-achievement ofdkeriped error, then updating for
both moving boundary position and its speed, then repeat aggirottess.

The details of the proposed algorithm are shown in the dloavt in Fig. 2.
4 Numerical Results

In the present paper, two different examples are sotkedirst one is melting problem and the results due to
the present method are compared with previous numerical redules. second problem is oxygen
concentration and the results are compared with previmalgtecal results. The details for both examples are
in the next subsections.

4.1 Example (1)

A solid medium initially at uniform temperatutg,=30FK , the boundaryx=0 exposed to two different

cases of input heat flux, constat)=5x10° and linear,Q(t) =3x10% respectively. Fig. 3 shows the
movement of solid-liquid due to constant heat flux, and thaltiag ablation surface due to the same heat
flux is shown in Fig. 4. The same results due to lineae @ae plotted on the same plot as shown in
Figs. 5-6. From the above figures, it is found that thaldimjuid interface has the same behavior in both
constant and linear cases of heat flux that is concavarndpw case of linear heat flux input this concavity
becomes more apparent than the constant case. In thergotiia ablated interface behaves concave
downward but in linear case this concavity increases.

Also, It is found from the computation that the expon@hthas a direct effect in the obtained results where
the deviation from the previous moving code results startedasig by increasingin but still acceptable
up to m=5. But this conclusion is not acceptable when tracing ablatiterface, see Figs. 4 and 6,
respectively.

4.2 Example (2)

Assume that the free surface of the solid= 0, is exposed to a constant oxygen concentra@gn and
initial oxygen concentration is zero. Assume that oxygamcentration in oxidized and metallic layers is
denoted byC, and C, respectively, the state equations describing this psocgee [12]. The following
numerical data are used in the computations:

D, = 0.274um?, D, = 0.166um?, C, =10, C_, = 065and[C] = 025,
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Fig. 2. Flow chart of the suggested algorithm
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Fig. 3. Solid-Liquid due to constant input heat flux
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Fig. 4. Ablation surface dueto constant heat flux
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Fig. 5. Solid-liquid dueto linear heat flux
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Fig. 6. Ablation surface dueto linear heat flux
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Fig. 8. Oxygen concentrationsin both layersat time=0.5h
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Fig. 9. Oxygen concentrationsin both layersat time=25h

Since the exact analytical solution to the planar oxidgsioblem is available, a comparison between exact
solution and the present method is made as shown in Fig.is/.clear that there is a good agreement
between the two solutions with small acceptable erFailow up the results of the present method,
Figs. (8-9) show the oxygen concentration in both layersffereint timest = 0.5h andt = 25h. It is clear
from these figures that the behavior is the same but #tandie from the surface increases by growing up
the time.

5 Conclusion

Numerical methods, techniques, and algorithms are lorygawd has no end as long as there exist scientific
research, and the present paper is a trial in this long Wesy.main idea is to solve the moving boundary
problem as a fixed boundary by a prescribed treatmemeofmibving boundary. An iterative scheme based
on the boundary integral equation for fixed boundary was deedlaith prescribed allowable error. It is
found from the computations the following:

1-

2-
3-
4-
5-

The mathematics of the proposed technique is so simple cedhpath the boundary integral
equation for domain with moving boundary.

Global number of iterations ranges from 20 to 25 itenagier time step.

Prescribed errors are small and acceptable for the gabapplications.

The proposed hybrid technique can be modified to cover higher domahproblems.

All moving boundary problems of like similarity moving interéacan be easily solved using the
proposed hybrid technique.
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